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Asymptotic Distributions for Some Quasi-Efficient
Estimators in Echelon VARMA Models™

Jean-Marie Dufour’, Tarek Jouini’

Abstract

We study two linear estimators for stationary invertible VARMA models in echelon form — to achieve
identification (model parameter unicity) — with known Kronecker indices. Such linear estimators are
much simpler to compute than Gaussian maximume-likelihood estimators often proposed for such
models, which require highly nonlinear optimization. The first estimator is an improved two-step
estimator which can be interpreted as a generalized-least-squares extension of the two-step least-
squares estimator studied in Dufour and Jouini (2005). The setup considered is also more general and
allows for the presence of drift parameters. The second estimator is a new relatively simple three-step
linear estimator which is asymptotically equivalent to ML, hence asymptotically efficient, when the
innovations of the process are Gaussian. The latter is based on using modified approximate residuals
which better take into account the truncation error associated with the approximate long autoregression
used in the first step of the method. We show that both estimators are consistent and asymptotically
normal under the assumption that the innovations are a strong white noise, possibly non-Gaussian.
Explicit formulae for the asymptotic covariance matrices are provided. The proposed estimators are
computationally simpler than earlier “efficient” estimators, and the distributional theory we supply
does not rely on a Gaussian assumption, in contrast with Gaussian maximum likelihood or the
estimators considered by Hannan and Kavalieris (1984b) and Reinsel, Basu and Yap (1992). We
present simulation evidence which indicates that the proposed three-step estimator typically performs
better in finite samples than the alternative multi-step linear estimators suggested by Hannan and
Kavalieris (1984b), Reinsel et al. (1992), and Poskitt and Salau (1995).

Key words echelon form, linear estimation, generalized least squares, GLS; two-step linear
estimation, three-step linear estimation, asymptotically efficient, maximum likelihood, ML,
stationary process, invertible process, Kronecker indices, simulation.
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1 Introduction

Modelling multivariate time series using vector autoregressive (VAR) modals feceived
considerable attention, especially in econometrics; s@&epohl (1991, 2001, 2005), Hamilton
(1994, Chapter 11) and Dhrymes (1998). This popularity is due to thetHat such models are
easy to estimate and can account for relatively complex dynamic phenokhi@naver, VAR models
often require very large numbers of parameters to produce good fittheFuhe VAR specification
is not invariant to many basic linear transformations. For example, insteadtisfying a VAR
scheme, subvectors follow vector autoregressive moving averageNMA processes. Temporal
and contemporaneous aggregation lead to mixed VARMA models [séeohl (1987)]. Similarly,
trend and seasonal adjustment also lead to models outside the VAR classdiNgr993)].

The VARMA structure includes VAR models as a special case and camdeqe in a
parsimonious way a much wider class of autocovariances and data tyemenacesses (DGP).
Thus, they can yield improvements in estimation and forecasting; g@phohl (2006), 1zquierdo,
Herrandez and Del Hoyo (2007), Athanasopoulos and Vahid [@00#hd Kascha and Mertens
(2008). VARMA modelling has been proposed long ago [see Hillmer and (li@@9), Tiao and
Box (1981), lLiitkepohl (1991), Boudjellaba, Dufour and Roy (1992, 1994), Ri(tk993, 1997)],
but it has received little attention in practice. Although building VARMA modetsa@s similar to
the procedure associated with the univariate case, the task is compduyrttiednultivariate nature of
the data and the fact that such models require potentially complex restrictiatisieweidentifiability
(in the sense of parameter value unicity).

At the specification level, several procedures ensuring a uniquenpégeization have been
proposed; see Hannan (19649970, 1971, 1976, 1979, 1980, 1981), Deistler and Hannan J1981
Deistler (1983), Hannan and Deistler (1988, Chapter 2tképohl (1991, Chapter 7) and Reinsel
(1997, Chapter 3). In view of achieving parsimonious parameterizationefficiency, several
methods have been considered. The main ones include: (1) technicpeesdracanonical analysis
[Akaike (1974, 1975, 1976), Cooper and Wood (1982), Tiao anay 4985, 1989), Tsay and
Tiao (1985), Tsay (1989, Paparoditis and Streitberg (1991) and Min and Tsay (2005)]; (2)
the Kronecker index approach, which specifies an echelon-formMARepresentation [Deistler
and Hannan (1981), Hannan and Kavalieris (19840lo (1986), Tsay (1989, Nsiri and Roy
(1992, 1996), Poskitt (1992, 2003)iitkepohl and Poskitt (1996) and Bartel anigtkepohl (1998)];
(3) the scalar-component model (SCM) approach [Tiao and Tsay9{198ay (1988, 1991) and



Athanasopoulos and Vahid (2088

Once an identifiable specification has been formulated, different estimatithodsecan be
considered. But the most widely studied estimation method is Gaussian maximumolikklih
(ML) for independent and identically distributed (i.i.d.) Gaussian innovatises Hannan (1969,
Newbold (1974), Box and Jenkins (1976), Hillmer and Tiao (1979), dlistand Hall (1979, 1980),
Hannan, Kavalieris and Mackisack (1986), Kohn (1981), Tiao and 8881), Solo (1984), Shea
(1989), Melard, Roy and Saidi (2002), Mauricio (2002, 2006), Metaxoglou Sndth (2007),
Jonasson and Ferrando (2008), and Gallego (2009). Howevemmimanrg the exact likelihood in
stationary invertible VARMA models is computationally burdensome since fdr aatoregressive
and moving average order (sayandq) a non-quadratic optimization with respect to inequality
constraints must be performed using iterative algorithms. As noted by Té®ax (1981), it is
much easier to maximize a conditional likelihood, although in higher dimensiosedrag numerical
problems still occur due to the lack of suitable initial values even with kngwi). Further, if the
Gaussian assumption does not hold, pseudo-maximum-likelihood estimates thayconsistent.

From the viewpoint of making VARMA modelling practical, one needs estimation odsth
that are both quick and simple to implement with standard software. Anothsorrdar putting
a premium on such estimation methods is that large-sample distributional thedsyttebe quite
unreliable in high-dimensional dynamic models, so that tests and confidetsdeased on asymptotic
approximations are also unreliable. This suggests that simulation-baseddpres — such as
bootstrap techniques — should be used. However, simulation may be imgrdat@aputing the
estimator is difficult or time consuming.

In the univariate case, Hannan and Rissanen (1982) proposedraivecmethod which only
requires linear regressions; see also Durbin (1960), Hannan avaié&té (1984), Zhao-Guo
(1985), Hannan et al. (1986), Poskitt (1987), Koreisha and Pukk#@(a, 199, 1995), Pukkila,
Koreisha and Kallinen (1990), Allende and Heiler (1992), Galbraith andezWalsh (1994, 1997),
and Kavalieris, Hannan and Salau (2003). This approach is basestiorating (by least squares)
the innovations of the process through a long autoregression. Thémgsesiduals are then used
as regressors to estimate the VARMA parameters. Thereafter, newaisséda filtered and a linear
regression on transformed variables is performed to achieve efficierd®r Gaussian assumptions.
Note that this linear estimation method (in its first two steps) was introduced foglreeldction and

getting simple consistent estimates which can be used as initial values by ditmaties procedures.



Itis then recommended to use the latter as initial values with other estimation presesuch as ML.
These methods have been extended to VARMA models; see Hannan aalieKsy1984b),
Koreisha and Pukkila (1987, 1989, 2004), Poskitt (1992), Reirtsal. €1992), Poskitt and Salau
(1995), Liitkepohl and Poskitt (1996), De Frutos and Serrano (2002), Kiaipsté2003), Koreisha
and Pukkila (2004), Dufour and Jouini (2005), and Kascha (200iMe paper by Hannan and
Kavalieris (1984) can be described as the seminal paper in this area. For stationanggesce
they propose a four-step linear procedure for specifying and estimaAfigAX systems. The
first three steps of their procedure focus on model specification avidprlinear initial estimates,
using Toeplitz regressions based on the Levinson-Whittle algorithm. Hoyieese simple estimates
exhibit substantial bias, especially when the ratio of the autoregresgileno the sample size is too
large; see Hannan and Deistler (1988). Then, using a generalizgestpaares (GLS) transformation,
the fourth stage of the procedure yields an asymptotically efficient estimfatoodel parameters (at

least when errors are Gaussian).

Following Hannan and Kavalieris (198f Reinsel et al. (1992) analyze the ML estimation of
VARMA models from a GLS viewpoint, under the assumption that innovation&auessian. Modulo
some simplifications, they show that the error term (approximately) follows &ngaverage process,
from which an asymptotic equivalence between GLS and ML follows. Tmilyais also underscores
that the computational burden of the method is heavy, since inverting high-sionah weighting
matrices is frequently required, even with small samples. Poskitt and S88b)(investigate
the relationship between the GLS and Gaussian estimation for VARMA modelshelogcform
by extending to a multivariate framework the three-stage linear estimation metbpdspd by
Koreisha and Pukkila (199 for the univariate case. Although, asymptotically equivalent to ML,
these estimates are substantially biased in finite samples, due partly to the weightingused
in the computation. Koreisha and Pukkila (2004) propose a three-step éintiaation procedure
for specifying and estimating VARMA models without assuming any form of tifieation. After
suggesting a new specification approach based on the multivariate veftienresidual white noise
autoregressive (RWNAR) criterion through a testing procedure (withgtGaussian innovations),
the third-stage of the estimation simply relies on the GLS-type procedure kittRosl Salau (1995).
In a comparative simulation study over selected existing linear methods, bassslected criteria
such as the quality of the estimates, and the accuracy of derived ftreoas impulse response

estimates, Kascha (2007) highlight the overall superiority of the foudteslinear estimation



procedure of Hannan and Kavalieris (1884vhile noting situations where the investigated methods
do not perform very well.

Other contributions to this literature focus on developing computationally simpleegdures,
though at the cost of losing asymptotic efficiency, in view of specifying thdehand computing
preliminary estimates of VARMA parameters. Once consistent “inefficierinases are available,
“efficient” methods, such as ML, are typically recommended. Most pdiperss on two-stage LS
estimation; see Koreisha and Pukkila (1987, 1989), Poskitt (1998kebohl and Poskitt (1996),
De Frutos and Serrano (2002), Kapetanios (2003), and DufourJaunphi (2005). To improve
efficiency, De Frutos and Serrano (2002) also suggest a GLS quaee In a simulation study,
they show that their method outperforms the double regression propgdedréisha and Pukkila
(1989). Though consistent, their method is not asymptotically efficient (ilG#ngssian case), and
identifiability issues are not considered. The same also holds for the itecaitiinary-least-squares
(IOLS) procedure proposed by Kapetanios (2003), even thougmwaagion study shows that the
proposed procedure compares well with ML. Finally, we note that line@maton procedures
have been proposed for cointegrated VARMA systems; see Huang am@1G90), Poskitt (2003),
Poskitt and litkepohl (1995), Litkepohl and Claessen (1997), and Bartel aiitképohl (1998). In
particular, for nonstationary ARMAX models, Huang and Guo (1990%sttieat estimated residuals
from long autoregressions can be good estimates of the true innovatibey. also show that the
VARMA orders can be consistently estimated using model selection critetieesugchwarz criterion
(SC) and Hannan-Quinn criterion (HQ).

In this paper, we study two linear estimators for stationary invertible VARMA efeth echelon
form, with known Kronecker indices. We focus on the echelon form adatier tends to deliver
relatively parsimonious parameterizations. However, the general agprwe describe can be
applied to other identifying schemes, such as final-equation forms or dibggpresentations [see
Dufour and Pelletier (2008)]. The first estimator is an improved two-stémator which can be
interpreted as a generalized-least-squares extension of the two-stiepdaares estimator studied in
Dufour and Jouini (2005). The setup considered is also more gemedahllows for the presence
of drift parameters (non-zero means). The second estimator is a ndwalglaimple three-step
linear estimator which is asymptotically equivalent to ML, hence asymptoticallgieziti when
the innovations of the process are Gaussian. The latter is based on ugilifgedhapproximate

residuals which better take into account the truncation error associatedheitpproximate long



autoregression used in the first step of the method. It can also be inéglpiethe application of the
scoring method in Gaussian ML estimation of VARMA models, starting from aistarg two-stage
GLS estimator. The proposed estimator is computationally much simpler to use than“éaear”
asymptotically efficient estimators, such as those studied by Hannan aatidfia1984), Reinsel
et al. (1992), and Poskitt and Salau (1995). Consequently, both estinséildied provide a handy
basis for applying resampling inference methaelg(bootstrapping).

An important part of this paper consists in studying the asymptotic distributitimeaéstimators
under assumptions weaker than the Gaussian assumption which undearbésiusestimation for
such models. We show that both estimators are consistent and asymptoticatigl nmder the
assumption that the innovations are a strong white noise, possibly nosi@augxplicit formulae
for the asymptotic covariance matrices are provided. The proposed estmatocomputationally
simpler than earlier “efficient” estimators, and the distributional theory welgunes not rely on
a Gaussian assumption, in contrast with Gaussian maximum likelihood or the essic@tisidered
by Hannan and Kavalieris (19Band Reinsel et al. (1992). To the best of our knowledge, such
distributional results are not available elsewhere. We present simulatidenee which indicates
that the proposed three-step estimator typically performs better in finite sathafethe alternative
multi-step linear estimators suggested by Hannan and Kavalierisf),98dinsel et al. (1992), and
Poskitt and Salau (1995).

The paper proceeds as follows. Sectidrshows how the echelon VARMA representation
is used to ensure a unique parameterization. Se@iadescribes the two-step GLS procedure
(allowing for intercepts) and derives the estimator properties such asmgemce and asymptotic
distribution. Sectior provides a heuristic derivation of the third-stage estimators, then dentesstra
its asymptotic efficiency under i.i.d. Gaussian innovations. Seétglrows a simulation study on the
finite-sample performance of our proposed procedure compared tbexblaethods. We conclude in

section6. The proofs of the lemmas, propositions and theorems are supplied in diggen

2 Framework

We consider &-dimensional stochastic process of the autoregressive moving-ay®egiBlA) type
with known order(p, ¢). We first define the standard VARMA representation entailing identification
problems. Then, among the representations ensuring parameter usisjieMARMA models, we

proceed with the echelon form. Finally, we formulate the basic regularityngssons we shall



consider in the sequel.

2.1 Standard form

Let{y, : t € Z} be ak-dimensional random vector process with the VARMA representation

p q
Yr = g + Z Aiye—i +ur + Z Bjug_j (2.1)

i=1 Jj=1
wherey, = (1, ukt)s a = A1) py, A1) = I, — >0 Aj, p, = E(y:), p andgq are
non-negative integers (respectively, the autoregressive and mavergge orders)d; and B; are
k x k fixed coefficient matricesfu; : t € Z} ~ WN(0,3,,), i.e. u; is a (second order) white noise
(WN) process, such that, = E (usu;), whereX, is ak x k positive definite symmetric matrix.
Under stationarity and invertibility conditions the coefficiemts and B; satisfy the constraints
det {A(2)} # 0anddet{B(z)} # 0 for all |z|] < 1, wherez is a complex numberA (z) =
I, —YP Az andB (2) = I, + ijl Bjz1. Theny; possesses infinite-order autoregressive and

moving average representations:

o0 o0
Yt = p + Z Uryr—r +ur, and yy = p, +ur + Z Uy —y (2.2)

=1 v=1

wherell (2) = B(2) ' A(z) = I, = .00 1,27, U (2) = A(2) ' B(2) = Iy + 3,00, ¥,2°,
with det {IT(2)} # 0 anddet {¥ (2)} # 0 forall [z| < 1, anduy = I1(1) p, wherell (1) =

I, — >->2 | IL.. Further, there exist real constadts> 0 andp € (0, 1) such that
Il < Cp7, [ W,]] < Cp. (2.3)

Hence, >, |III;|| < oo and) o7, || ¥, || < oo, where||.|| stands for Schur’s norm [see Horn and

Johnson (1985, Section 5.6)). || M||*> = tr [M’M] for any matrix).

2.2 Echelon form

The standard VARMAYp, ¢) representation (2.1) is not unique. The coefficient matritgand B;
are not uniquely determined by the covariance structure (althdlghnd V¥, typically are). To

ensure a unique parameterization of (2.1) we consider the stationaribfe®ARMA (p, ¢) process



in echelon form

O (L) yr = pg + O (L) uy (2.4)

where® (L) = & — SP , &;L', O (L) = O + Z?Zl ©,L7, L denotes the lag operatqry, =
@ (1) p,y, p = max (p,q), O = g, anddy is a lower-triangular matrix whose all diagonal elements
are equal to one. The VARMA representation (2.4) is in echelon foln(if) = [y, (L)]; =1 &

and® (L) = [0, (L)] i, satisfy the following conditions: given a vector of Kronecker indices

I,m=1,..

(p1,-..,pr), the operators,,, (L) andd;,, (L) on any given row of ® (L) and® (L) have the same

degreep; and
D1 ) )
O (L) =1= 3 &y L' if I =m,
b . (2.5)
== X QL HlFEm,
i=p;—pim+1
pi )
Oun (L) = Oy L7, with © = B, (2.6)
§=0
fori,m=1,...,k, where

m =min(p;+1,p,) forl>m,
D (pi +1,pm) 2.7)

= min (p;, Pm) forl < m.

Note thatp; = p; is the number of free varying coefficients on thth diagonal element ob (L)
as well the order of the polynomials on the corresponding row ¢f.), while p;,, specifies the
number of free coefficients in the operatgy, (L) for I # m. Zlepl is the McMillan degree and
P = [pim]} 1. is the matrix formed by the Kronecker indices. This lead$3p | 3% _, pim
autoregressive and Elepl moving average free coefficients, respectively. Obviougly=
max (p1, ..., pk). Moreover, this echelon-form parameterization of VARK#A;) models [hereafter
VARMA (p1,...,pr)], ensures the uniqueness of left-coprime operadofé) and© (L). Among
other identifiable parameterizations, such as the final equations form, lteéboedorm has been
preferred for parsimony and gain efficiency criteria. For proofs efuthiqueness of the echelon form
and other identification conditions, the reader should consult Hann&9{12970, 1976, 1979),
Deistler and Hannan (1981), Hannan and Deistler (1988), diticepohl (1991, Chapter 7).

The implied stationarity and invertibility conditions in (2.4) arelet {® (2)} # 0 and
det {©(2)} # 0 forall || < 1, where® (2) = &g — S0 &;2%, ©(z) = Op + Z§:1 0,2,
With T (2) = © (2) ' @ (z) and¥ (2) = ® (2) ' O (2). Letalso® (2) ! = -2, A, (1) 2" where

\l



by invertibility || A (n)|| < Cp™, D22 A+ (n)|| < oo, with 7 (as it will be specified further) the
vector of all free varying parameters implied by the echelon form. Nowysety; — u;. We can see

that

P D
vy = (I)al [Ncb 4 Z Dy + Z @jut_]} . (2.8)
i=1 j=1

Obviously,v; is uncorrelated with the error term and (2.4) takes the form

D D
o= pio+ (I — Po)vr + > igpi + Y Ojurj + up. (2.9)
i=1 j=1
Set
,8 = Vec[,u@,lk—<IJO,<I)1,...,@5,@1,...,913], (210)
Xy = [1, Vi Ypqs - - - ,yé_ﬁ, T/ u;_p]/ (2.12)

where3 and X; are vectors of sizeg?h + k andkh + 1, respectively, withh, = 2p + 1. Under
the echelon form restrictions (2.4) — (2.7), the representation (2.9) impljeiqae(th + k) X Tp

full rank columns matrixRk formed byr; selected distinct vectors from the identity matrix of order
k?h 4 k such thatR'R = I,, and3 = Rn, wheren is anr;-dimensional vector of free varying

parameters, with; < (k?h + k). Hence (2.9) can be restated as
ye = [X{ ® L) Ry + (2.12)

where|X] @ I;| Ris ak x r; matrix. Further, the echelon form ensures tRatX; ® I;| has a non

singular covariance matrix, so that
rank{R'[I'x ® I|R} =1} (2.13)

wherel'x = E[X;X]]. Now, lety = [v;,...,%,], X = [X1,..., X7] andu = [u},...,u}]".

Then the stacked form of (2.12) is

y= [X'®Ik]R77+u (2.14)



where[ X’ @ I;|Ris a(kT) x r; matrix. In the following, we shall assume that

rank{ [X' ® I;| R} = r5 with probability 1. (2.15)

Under the assumption that the process is regular with continuous distribthimtatter statement

must hold.

2.3 Regularity assumptions

Assumptions on the innovation process and the truncation lag of the longgrgssion are needed
to establish the consistency and asymptotic distribution of the linear estimatarsdibélow. We

shall consider in the sequel the following.

Assumption 2.1 The vectors, t € Z, are independent and identically distributéd.d.) with mean

zero, covariance matriX,, and continuous distribution.

Assumption 2.2 There is a finite constant, such that, for alll <1, j, r, s <k,
E s sujurpus | < my < oo, forall ¢.
Assumption 2.3 ny is a function ofl" such that
ny — oo andnk/T — 0 asT — oo (2.16)
and, for some > 0 and0 < §; < 1/2,
np > ¢TI for T sufficiently large. (2.17)

Assumption 2.4 The coefficients of the autoregressive representd®o®) satisfy

nd? 3" || — 0asT,ny — . (2.18)
T=np+1

Assumption 2.5 np is a function ofl" such that

ny — oo andni/T — 0 asT — oo (2.19)



and, for some: > 0 and0 < d2 < 1/3,
ny > ¢I'% for T sufficiently large. (2.20)

Assumption 2.6 The coefficients of the autoregressive representd®a?) satisfy

T2 3" ||| — 0asT, ny — oo. (2.21)

T:TLT+1

Assumption 2.7 The coefficients of the autoregressive representd®o®) satisfy

7% > ||| > 0asT,ny — oo (2.22)

T=n7-+1
for somel/2 < §3 < 1.

Assumption2.1implies a strong VARMA process, while Assumpti@? on moments of order
four ensures that the empirical autocovariances of the process hagevéiriances. Assumptidh3
states that grows to infinity at a rate slower thah!/2; for instance, the assumption is satisfied if
ny = ¢I° with 0 < §; < § < 1/2. Assumption2.4 describes the rate of decay of autoregressive
coefficients relatively tovz. While Assumption®.5and?2.6 are stronger versions of Assumptions
2.3and2.4, respectively. Assumptio.7 states that for any constaht2 < ¢ < d3 (with §3 < 1) the
truncated suni® > 7% a1 7| converges to zero & andny go to infinity.

Although the above assumptions are sufficient to show consistency of thetéyw linear

estimator, another assumption is needed to show the asymptotic normality of itautiistrib

Assumption 2.8 np is a function ofl" such that
ny — oo andnt/T — 0 asT — oc. (2.23)

The latter assumption means that grows to infinity at a rate slower thaf'/4; for example, it
is the case ifvy = ¢T° with 0 < § < § < 1/4. Itis easy to see that (2.23) entails (2.19) and (2.16).
Finally, it is worthwhile to note that (2.18) holds for VARMA processes whatn, = ¢ with

c¢>0ands > 0,i.e.

(e}

° ) ||| —0asT — oo, foralld> 0. (2.24)

T=nr+1
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This follows from the exponential decay [fL- || for VARMA processes.

3 Generalized two-step linear estimation

We propose a two-step generalized linear regression method for obtaiomsistent estimates of
echelon-form VARMA models with known Kronecker indices.
Let {y,nTH, e yT} be a random sample of size- + T wheren is a sequence function of
T such thath grows to infinity asT’ goes to infinity. Now, consider thddhg’ multivariate linear
autoregressive model of lag-order:
nr

Yt = pyp (nr) + Z I yi—r + ug (n7) (3.1)

=1

whereyy (nr) = (I — Y77, 1) i, and

ug (np) = Z IL, (yt_T — ,uy) + uy. (3.2)
T=nr+1
Setting Y; (nr) = [l 4, ,yl’f_nT]/ and II (ny) = [ug(nr),I4,...,1,,], then the

corresponding multivariate least squares (LS) estimator is:

I (nr) = [jig (n7) , 11 (1) ..., Iy (n7) | = Wy (n7) Ty (np) ™ (3.3)

whereWy (ng) = T~ S°F | 4,Y; (ng) andTy (ng) = T 3.1, Y} (n7) Yi (ng)'. This estimator
can be obtained by runnirigseparate univariate linear regressions, one for each compgnerithe
Yule-Walker estimates of the theoretical coefficiefits could also be considered. Set (ny) =

E[Y: (nr) Y: (ng)']. Also, let]].||; such that, for any given matrix, | A||, is the largest eigenvalue

of A’'A, so that|A||, = si%{ L2l

Proposition 3.1 Let{y, : t € Z} be ak-dimensional stationary invertible stochastic process with the

VAR representatio(i3.1). Then, under the AssumptioRd to 2.3, we have

[Ty (nr) M| = 0,(1), (3.4)

ITy (n7) ™' =Ty (np) ™| = [Ty (nr) ™" =Ty (ng) ' ||, = Op(nr/TY?).  (3.5)

11



If Assumption2.4is also satisfied, then the following theorem is the extension to the drift case of

Theoreml of Lewis and Reinsel (1985) and Theor@m of Paparoditis (1996).

Theorem 3.1 Let {y; : t € Z} be ak-dimensional stationary invertible stochastic process with the

VAR representatiof.1). Then, under the Assumptiod to 2.4, we have:
Hf[ (n) =1L (ny) || = 0p(1). (3.6)
If, furthermore, Assumptio®.6 holds, then
[T (n7) =TI (ng) | = Op (n/?/T"/?). (3.7)
Now, letl,,, be a sequence @fnr + k-dimensional vectors such that
0< M <|[lp|I> <My <oo fornp=1,2,... (3.8)

Set also

Sy (nr) = T1/2Z;LTvec [fly (np) f‘y (nT)_l ], Sy (nr) = T1/2l;lTvec [Qy (np) Ty (nT)_1 ],
(3.9)
with Qy (ng) = TP S°F wy (ng) Ys (nr) andQy (ng) = T~ S5 wY; (ng)'. Then we have

the following asymptotic equivalence.

Proposition 3.2 Let{y; : t € Z} be ak-dimensional stationary invertible stochastic process with the

VAR representatiof3.1). Then, under the AssumptioBd, 2.2 2.5and 2.6, we have:
|Sy (n1) — Sy (n7) || = 0p(1). (3.10)
If, furthermore, Assumptio®.7 holds, then
1Sy (n7) = Sy (n7) || = O, (n3/?/T/?). (3.11)

The next theorem shows that asymptotic normality holds as an immediate censeqof
Proposition3.2. This proposition and the following theorem are generalizations to the dsi c

of Theorem® and4 of Lewis and Reinsel (1985), respectively.
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Theorem 3.2 Let {y; : t € Z} be ak-dimensional stationary invertible stochastic process with the
VAR representatiof3.1). Then, under the AssumptioBd, 2.2, 2.5, 2.6and2.7, we have:

21" veelTl —
T'21, vec[Il (ng) — I (n7) | d. N0, 1] (3.12)

{%TQY (nT) lnT}l/Q T—o0

where

Qy (TLT) =TIy (nT)il DI (313)

A possible choice fony to satisfy both assumptior&s5and2.6is ny = T/ with e > 3. On

the other handvy = InInT', as suggested by Hannan and Kavalieris (184 not a permissible

[e.9]

choice because in genef&l/2 2%

|ITL;|| does not fade &8 — co. Let

nr

@ (nr) =y — g (nr) — > 1Lr (n7) yosr (3.14)

=1

be the LS residuals of the long autoregression (3.1), and let

T
. 1 3 }
Yy (ng) = 7 ; Uy (np) Uy (nT)/ (3.15)
be the corresponding innovation covariance matrix estimator. Then welmfalowing.

Proposition 3.3 Let{y; : t € Z} be ak-dimensional stationary invertible stochastic process with the

VAR representatiof3.1). Then, under the assumptioRd to 2.4, we have:
|50 (n7) = Zu|| = ||1Zu (nr) ™" = 21| = Op (nr/T?). (3.16)

The asymptotic equivalence stated above suggests that we may be able tbeesbinséstently
the parameters of the VARMA model in (2.9) by replacing the unobservegethgnnovations
U1, ... , w—p With their corresponding first stage estimatgs; (nr), ..., @—p (nr). Hence,

(2.9) can be rewritten as

p p
Yt = Mg + (Ik — ‘I)())f}t (nT) + Z Dy + Z @j’l]t_j (nT) + e (TLT) (3.17)
i=1 j=1

or equivalently,

Yt = [Xt (nr) ® Iy Rn + e (nr) (3.18)

13



where

D
O (nr) = ye—ti(ny), e (np) =iy (np)+ > Ojlu—j—irj(nr)], (3.19)
j=0

Xt (TLT) = [17 Vg (TLT)/ ) yllf—lv s 7y1,€—ﬁa atfl (nT)/ P 7,&1‘/*? (nT)/:| : (320)

Recall that running OLS on (3.17) or (3.18) corresponds to the thigkséamd the second-stage
estimators of Hannan and Kavalieris (1834nd Dufour and Jouini (2005) methods, respectively.
In the other hand, the second-stage estimator of Poskitt and Salau (r@@8ylure is obtained by

running OLS on a variant of (3.17), say
P P
ye — @t (n7) = pig + (I — Do) (n7) + > igr—i + > Ojiis—j (nr) + &, (3.21)

=1 j=1

where¢, = Zf:o ©jet—j, With e,_; = w;_; — uy—j (n7). In this paper, we consider the explicit

echelon form two-step GLS estimatorgf

T
7 = arg min Z et (np) Su (np) e (ng) . (3.22)
Tt=1

This estimator has the form

i = Qx (nr) Wx (nr) (3.23)
where
QX (nT) = {RITX (nT) R}_l, TX (nT) = fX (nT) &® iu (nT)il s (3.24)
T T
Px(r) = 723 Kolnr) Xotnr), W (nr) = 72 37 R0 (1) © 15 () ™ 3.25)
=1 =1
Setting
Qx (ng) = % SO R[X, (1) © IS (nr) e (n) (3.26)
t=1
one can see that
7 —n=Qx (nr)Qx (n7). (3.27)

14



Using the inequality| AB||* < ||A|)? || B|?, for any two conformable matrice$ and B, we get

17 = nll < |Qx (nz) ||, [|Qx (nr) |- (3.28)
Now, define
-1 1 T
Ty =Dx®%;', Qx= {R’TXR} COx =2 Y R[Xe® L (3.29)

t=1

Obviously, by the regularity assumptia@n;(1 is positive definite, and to study the convergence and

distributional properties of) — i) we need first to establish the following proposition.

Proposition 3.4 Let{y, : t € Z} be ak-dimensional stationary invertible stochastic process with the
VARMA representation in echelon form given(By4)-(2.7). Then, under the assumptiod to 2.4,
we have:

|Qx (nr) — Qx||, = Op(np/T"?). (3.30)

The latter proposition shows that the regressor ma’E’rtanT) as well as the covariance matrix
Qx (n7)—based on approximate innovations—are all asymptotically equivalent toah@iogous
based on true innovations, according to the mﬁ¢T1/Q. This suggests that converges ta). The

next theorem establishes the appropriate rate of such convergence.

Theorem 3.3 Let {y; : t € Z} be ak-dimensional stationary invertible stochastic process with the
VARMA representation in echelon form given(By4)-(2.7). Then, under the assumptiod to 2.8,
we have:

15 = nll = Op(T~1/?). (3.31)

To derive the asymptotic distribution far, we shall first establish the asymptotic equivalence

between the following random vectors

Sx (nr) = TY?*Qx (n7) Qx (n7) , Sx = TY?QxQx. (3.32)

Proposition 3.5 Let{y; : t € Z} be ak-dimensional stationary invertible stochastic process with the
VARMA representation in echelon form given(By)-(2.7). Then, under the assumptiod to 2.8
we have:

|Sx (nr) — Sx|| = Oy (nd/T"?). (3.33)
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The next theorem provides the asymptotic distribution of the two-step GLS éstsna

Theorem 3.4 Let {y; : t € Z} be ak-dimensional stationary invertible stochastic process with the
VARMA representation in echelon form given (&/4)-(2.7). If the assumption®.1 to 2.8 are
satisfied, then

T2 —n) -5 N[0, Qx], TY2(B-8) & N0, V] (3.34)

T—o0 T—o0
where3 = RijandVy = RQxR'.

Further, {R’[Zle X (n7) X¢ (n) @ 2y (nT)’I]R}i1 is a consistent estimator of its
covariance matrix. It is worth noting that the GLS estimator suggested by med~and Serrano
(2002), although different from what we consider in (3.27), has the ligniistribution established
in the above theorem for the strong WN case. A result they have mentiottegiipaper for the pure

vector moving-average processes but did not show for the VARMA.ddew set

T
. (nr) = 7 O & (nr) & (nr) (3.35)
t=1
where
& (nr) =y — [X¢ (nr) ® It Riy. (3.36)

Then, we have the following proposition.

Proposition 3.6 Let{y, : t € Z} be ak-dimensional stationary invertible stochastic process with the
VARMA representation in echelon form given(By4)-(2.7). Then, under the assumptioRd to 2.4,
we have:

e (n7) — 2| = ||Be (0r) ™" = 31| = Op (n/TH?). (3.37)

4  Asymptotic efficiency

The two-step linear estimator derived above is not efficient under @awissiovations. To allow for
asymptotic efficiency [as in the fourth-stage of Hannan and KavalierB4@P one may perform a
third-stage linear estimation that we shall describe below.

Unlike Hannan and Kavalieris (19Bwho assumed Gaussian errors in order to suggest their

fourth-stage estimators, we show, rather, how such estimators can ieeddesithout any prior
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knowledge of the actual distribution of the innovations. This will be usefukstablish the
asymptotic efficiency of these estimates under Gaussian assumption. In linth&iitiprocedure
at the specification level which is heavy to implement even in small systems, tinth fstage
estimation they suggested to achieve asymptotic efficiency does not explicitlytsa echelon form
zero-restrictions. In contrast, we give simple, compact and efficidrgiea-form estimators that can
easily be computed by running a simple linear regression. Thus, one migsitleo further linear
regressions as they are costless. Moreover, we provide a simple estifigédarovariance matrix.
Now, recall that the main problem is to minimize an objective function that is nanlimethe

parameter vectay: we have to solve
T
: -1
min Eﬁ up Yy, Uy (4.1)

whereu; =22 (A (1) [<I>0 (yt,.r — uy) - Z?:l D, (yt,i,T - ,uy) ] Setting

t—1

Ut (77) :ZA ( )|:(I)0 Yi—r Z(I)z Yt—i—r ,uy):|7 (42)
=1

7=0
one can see th#{t,, — u; (n)|| = Oy (p'), as it can be shown that

E [lur —u (1 H<ZHA )@ () E [V, (B)]| = O (p") (4.3)

where® (p) = [@o, —P1,...,—P5], Y (D) = [y, v 1, - .,y?Lﬁ}’ with g = (y¢ — p,); see the

proof of TheorenB.1 This suggests replacing the problem (4.1) with

manut ) S g () (4.4)

Also, note that (3.36) can alternatively be expressed as in (3.19), as
P
€t (nT = ut Z - ﬁt—j (nT) ]7 (45)
j=0
so that, using the second-stage estimjathe estimated model

yr = [Xi (nr)' ® It| R + & (nr) (4.6)
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takes the form

il

p
o= fig + (e — P0) B+ > Piye—i + > Oyt + iy (4.7)
i=1 =1

wherev; = y.— wu; with

5
ZA [ Yooz = fiy) = > Oi(Yr—i—s uy)] (4.8)
=1

fr, = @ (1) g, @ (1) = g — Y, ®iand 352 A (7) 27 = O (2) ", wherejig, ®; and©,
stand for the second-stage estimategpf ®; and©;, respectively. In view of (4.7) and (4.8), itis
obvious that the second-stage estimatonay be used as initial value in the minimization algorithm

when seeking the nonlinear GLS estimator. Asdfpandu, (n), we can approximate, with

t—1

D
wn () = D A () | Boyr = D Sigp-icr — i - (4.9)

=0 =1

This also can either be determined recursively as suggested in the litdiatluding Hannan and

Kavalieris (1984) and Reinsel et al. (1992)] using

p
g (1) =y — [M@ + Z Yt—i + (4.10)

o,
i Mm
)
(o}
.
&

with initial valuesu, () = 0, ¢t < 0. Instead of the above recursive filtering scheme, we propose a

new one. In particular, one may consider
~ ~ ﬁ ~ ~
e (7) = @578 (nr) + (I — B5 ") i (nr) + Z 10 [t (nr) — ue—j (7)) ] (4.11)
j=1

initiating with w; (7) = @; (ny) for 0 < ¢ < p. The latter has the feature of yielding filtered
residuals that are function of the first-stage long-autoregressionemati@-stage residuals as well.
Our argument is the following; since the error terenény) in (3.17) or (3.18) are function of the true
innovationsu,, as shown in (3.19), it follows that by simply estimatingn) one is about implicitly
estimating the true innovationg. This is exactly described in (4.5) that we can see is satisfying

(4.7). So one can obtain the new estimates of the true innovations corr@gptmthe second-stage
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echelon form parameter estimates, by solvingdof?) in (4.5). Hence,
iy =y (nr) + > Ar (7)) [6—r (1) — @7 (n7) ] (4.12)
=0

These residuals can then be approximated with

t—1
ug (7) = U (nr) + Z A- (1) [ét—’r (nr) — Ut—r (nT” (4.13)
7=0

sincet,; (nr) andeé, (ng) are not available for < 0 andt < p. Hence, setting; (nr) = 0for¢ < 0,
andé; (np) = 0fort < 0andé; (nr) = 4 (ny) for 1 <t < p, respectively. Finally, one can see that
the above expression can be rewritten as in (4.11). However, it is wotifgrthat the convergence
of the above two recursive schemes (4.10) and (4.11) to each othetérshmple—while remaining

asymptotically equivalent—is fast only when the Kronecker indices arejalile Let
Su () = = > ur (i) ue (7)) (4.14)
To establish the rate of convergencedhf(7) to X, we need the following lemma.
Lemma 4.1 Let# be a\v/T-consistent estimator fay, i.e.
T2 i =l = O, (1),
where||.|| denotes the Schur norm. Then there exists a real constanb such that
TYV2(1+ 571 A () — A ()] = O, (1), V7 € Z. (4.15)

Proposition 4.1 Let{y, : t € Z} be ak-dimensional stationary invertible stochastic process with the
VARMA representation in echelon form given(By)-(2.7). Then, under the assumptiod to 2.4,
we have:

[0 (@) = Zul| = [ @) 7" = 55| = Op(T71/2). (4.16)

Further, consider the following lemma.
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Lemma 4.2 Letn" andn® be two distinct values of. Then

w(n') —w(n®) = =2 (n" %) (n* = n°) (4.17)

where

Z9 (', n%) ZR’XtT )@ A ()], (4.18)

Xt(nl) = [17 Ut(ﬁl)/7 yzlffla ey yzltfpﬁ ut—l(nl),7 v 7Ut—ﬁ(771),], andvt(nl) =Yt — Ut(nl)-

Therefore, one can show that

e () — ur (n) = =25 (,m)" (7 —n) (4.19)

where

ZR’ [(Xi—r (7) @ Ar ()], (4.20)

with Xy (7)) = [Love )yl 1o Yot ()5 w5 (7)) @nduy (7) = g — we (7). Hence

(4.19) can be rearranged to obtain the linear regression:

we () = Ze (7)) n+ € (7,m) (4.21)

where
wi () = u (7)) + Z () 7, ZR’ (Xi-(eA-®)'], (422
e () = w(n)+[Ze@) - 25 (,m)] (n —17). (4.23)

By Theorem3.3 and Lemma4.1, one easily shows thdle, (77, 7) — u (/) || = O,(T~/2). This
suggests obtaining a third-stage multivariate GLS estimatfry by regressing-,, (17)’1/2 wy (1)
on¥, (7)~"? Z, (7). Hence

1= Qx (7)) Wx (1) (4.24)
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In view of (4.22), one can see that

=i+ Qx (1) Ox () (4.26)

where .
O ()= > 20 ) S () e (7). (4.27)

t=1

Obviously, our third-stage GLS estimators differ from those previousfjgssted in the literature
[including Hannan and Kavalieris (1984 Reinsel et al. (1992) and Poskitt and Salau (1995)] since
we use different regressors in their computation. In particular, HaandrKavalieris (1984) and
Reinsel et al. (1992) use lagged values of the residuals filtered fratf)(4s regressors, while
Poskitt and Salau (1995) use those associated with the first-stage Fesibtained from a long
autoregression. Another feature making our efficient estimators différem that of Hannan and
Kavalieris (1988) is that, in Qx (7)) and Qx (7), they used>, (nr) instead of%, (77), which
corresponds to their third-stage covariance estimator of the innovationson& can see from
Propositions3.6 and 4.1 that the weighting matrix we use has a faster convergence rate. This also
holds for Poskitt and Salau (1995) as they use the fist-stage covadatictor of the errors in the
computation of their GLS estimator [see Proposit®8. Moreover, it is worth noting that, under
Gaussian errorg; is asymptotically equivalent to ML estimator, siné"%tn(,—")‘n:?~7 = —Z;(0); see
(4.19). Further, in view of (4.26), the estimatrcorresponds to one iteration of Gauss-Newton
algorithm.

Now, let

Qx ) ={E[Z =201} oxm =Y AW S e, (430)
t=1
Zi(n) =Y R[X-®A ()] (4.31)
7=0
Using Lemma4.2, equation (4.26) can be rewritten as
=0 = Qx (i) Qx (7) + Q% (7) [ 0% () — 0% (@) |. (4.32)



Further,Q x (n) can be expressed as

—1
Qx (n) = {R'Tx (n) R} (433)
where
T ) =3 3 [Mx (=) @Ay ) 570, ()], (4.34)
71=072=0

with T'x (71 — 72) = E[X;_,, X/_,,]. By constructionQ (n) " is positive definite, and to study
the convergence and distributional properties;of 7, we first establish the following asymptotic

equivalences.

Proposition 4.2 Let{y, : t € Z} be ak-dimensional stationary invertible stochastic process with the
VARMA representation in echelon form given(By4)-(2.7). Then, under the assumptioRd to 2.4,

we have:

1Qx (@) = Q% @) ||, = [|Q% (@) — Qx () ||, = Op(T7?). (4.35)
Then, we can give the rate of convergence of the third-stage estifator

Theorem 4.1 Let {y; : t € Z} be ak-dimensional stationary invertible stochastic process with the

VARMA representation in echelon form given(By4)-(2.7). Then, under the assumptiod to 2.4,

we have:
iy = nll = Op(T?). (4.36)
Now, set
i) = 7{ Qe (1) ) + G5 1) [ ()~ 25 ) . @37)
Sx () =T"*Qx (n) Qx (n). (4.38)

These two vectors satisfy the following asymptotic equivalence.

Proposition 4.3 Let{y, : t € Z} be ak-dimensional stationary invertible stochastic process with the
VARMA representation in echelon form given(By4)-(2.7). Then, under the assumptioRd to 2.4,

we have:

1Sx (7)) — Sx (n) || = Op(T71/3). (4.39)
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Finally, we establish the asymptotic normality of the third-stage GLS estimator.

Theorem 4.2 Let {y; : t € Z} be ak-dimensional stationary invertible stochastic process with the
VARMA representation in echelon form given(By4)-(2.7). Then, under the assumptiod to 2.4,

we have:

Y2 (i) — ) T%;O N[0,Qx ()], TY*(B—5) & N[0,Vx ()] (4.40)

T—o0

where = RiyandVx () = RQx (n) R.

Its covariance matrix can then be estimated consistently with
- ~1
{ZtT:l Z (7). ()t 24 (iy)’} . Further, the third-stage residualg(7;) can either recursively

be filtered using

t—1 P
w (i) = Ar (i) [éoym = i - [L@} (4.41)
7=0 =1
or . .
R p . p .
ue () = e = 05 g + Y- Biapi + Y Ojuey () ], (4.42)
i=1 j=1

initiating with u; (7) = 0, ¢t < 0, so that they satisfy

A

(L) ys = jig +O (L)ug (7)), t=1,...,T, (4.43)

whereji, = ® (1) iy and® (1) = &y — 27, &;. Again, we would suggest filtering the residuals
using

w () = e (7,7) — [Ze () — 27 (2,7)] (7 — 7)), (4.44)

initiating with u; (1) = u¢ (), for 0 < ¢ < p, since the latter tends to deliver well behaved residuals
in finite sample as they rely on the former [unlike (4.41) or (4.42)]. Heneethind-stage innovation

covariance matrix estimator is

T
- 1 . R
2u () = 7 > ur () we (i) (4.45)
t=1
Its rate of convergence 9, is given in the following proposition.

Proposition 4.4 Let{y, : t € Z} be ak-dimensional stationary invertible stochastic process with the

VARMA representation in echelon form given(By)-(2.7). Then, under the assumptioRd to 2.4,
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we have:

S0 (7) = Zu| = Op(T72). (4.46)

5 Simulation study

In this section, we consider a Monte Carlo (MC) simulation to illustrate the finite legmepformance
of the proposed estimation method. We restrict our attention only to analyziniintteesample
properties of the fully efficient estimates, since the major contribution of thersands at that level.
In particular, we consider a comparative study between our third-sta§eeGtimator, described in
(4.26), and those suggested by Hannan and Kavalieris ()9B4insel et al. (1992) and Poskitt and
Salau (1995), respectively. More especially, two variants of the megbthird-stage estimator were
considered. The first one uses the two-stage GLS estimator, given®),(@sdnitial estimate, and the
second one is based on the two-stage OLS estimator (using equationwigstrh&tion) considered
in Dufour and Jouini (2005). The latter also has been used as initial estitoatdtain the GLS
estimators described in Hannan and Kavalieris (19&hd Reinsel et al. (1992), respectively, but,
as mentioned earlier, using an alternative scheme for residual filteringtly;ldhne above two linear
two-stage estimators are identical when the Kronecker indices charawethez echelon canonical
form are all equal. Further, to obtain the GLS estimator of Poskitt and SaR@b6) we have
implemented their three-step procedure in full. It is worth noting that the ceresidGLS estimators
in this simulation study are all asymptotically equivalent to ML estimates since thregspond to
one iteration of Gauss-Newton algorithm starting from&-consistent estimator. Finally, we did not
consider the ML estimation in the simulation for two reasons. First, its finite samppegies have
been extensively studied in the literature and were found more or lessastirgf given the model
in hand. Second, since the paper deals with efficient linear methodgifoméag VARMA models,
we attempted to investigate the finite sample performance of the main ones existipgred to the
procedure suggested in this paper.

We simulate two bivariate stationary invertible Gaussian ARMA processes witstant terms
and Kronecker indicegl,2) and (2,1), respectively, for sample sizes 100 and 200. Tables 1
to 4 report simulation results on the empirical means, the average erroth@nmndean squared
errors (MSE) for each procedure. Moreover, these tables show8te ratios of the alternative
efficient GLS estimators over the suggested third-stage GLS estimator8&thfges’ notes for more

description]. These results are based on 1000 replications using GAHESM number generator
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(version 3.2.37), and to avoid numerical problems that might be causect byitilalization effect,
extra first 100 pseudo-data were generated then discarded. Thegsalsated with noninvertible
processes are thrown and replaced with other ones. For all simulatiematefof replacement did not
exceed 5% in the worst case. [For how to obtain an invertible moving-geerperator for echelon
form VARMA model see Hannan and Kavalieris (1884 Further, the second-stage echelon form
VARMA model parameters were estimated from models using, as regregsorgsiduals obtained
from a long-autoregression with lag-order fixed to two values; namelyjntieger parts ofin 7"
andT~1/2 (since it has been recommended in the literature to choose the autoregtagsader
between these two extreme values). More specifically, the latter stratedyekasconsidered to
draw the effect of the choice of the long-autoregression lag-ordeheriinite sample quality of
the echelon form estimates. In this simulation study, the error covariance mttnixr;; = 0.49,
o992 = 0.29 andoq1; = o117 = —0.14, is used for both models. Finally, the true parameter values
of the simulated echelon form VARMA models as well as their related eigersvédlgscribing their
respective stationarity and invertibility conditions) are reported in the tables.

Simulation evidence shows for both models that, unlike TS1, TS2, and RBY deettioere the
estimates are characterized with small to moderate bias, HK and PS pracpayide estimates with
substantial bias for sample siZe= 100 [see upper panels of Tables 1 and 3]. These biases disappear
with increasing sample size and/or lag-order of the first-stage long-guéssgon [see lower panels of
Tables 1 and 3, and Tables 2 and 4 for sample ize 200]. It is suspected that the bias associated
with PS procedure is attributed to the weighting matrix used in the computation of tihexes.
Poskitt and Salau (1995) argued that the error term in the linear remvabgey considered follows
a moving-average process of orgersay¢, = Z?:o Qjer—j With T~ 31 eve} = Op(nr/T) Sy
[see Hannan and Kavalieris (1986) and Poskitt and Salau (199%)indtead, they explicitly used
T-'Y1 e, = 0,(1)%,. The bias associated with HK procedure is due to two reasons. First,
the weighting matrix used in the computation of the estimates does not corretspaicit should
be in the one iteration of the Gauss-Newton algorithm starting from the twe-8&§ estimates. In
particular, they used the residual covariance estimator obtained at thestijyel of their procedure
rather than the covariance estimator obtained from the new filtered resiterdssary for their
fourth-stage estimation. Note that the latter has a convergence rate fasiénéformer. Second, as
mentioned above, the new residuals are more or less satisfactory in finiteesgivgm the way they

are filtered. The RBY procedure uses the same filtering approachybgwempared to HK method,
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it delivers estimates with satisfactory finite sample properties. This is pebeapsise it uses the right
covariance matrix estimator (from the ML viewpoint) for the residuals in thei®@Ghear regression.
Itis common knowledge that approximating VARMA models characterized with pégsistence
in their MA operators usually require long autoregressions with large nuailiegs, and vice versa.
More especially, increasing the lag order of an autoregression when approximating a VARMA
model with less persistent MA operator would result in estimates with higheahider MSE. This
is exactly what we get with TS1 and TS2 procedures for the echelon Y&RMA model with
Kronecker indiceg2, 1) [see Tables 3 and 4]. For the same model and from the same tables, HK
and PS procedures show that increasing the lag-orgderfor a given sample size, seems to reduce
the large bias and obtain parameter MSE that are decreasing for HKdprecand increasing for
PS method. Further, one can see a slight increase in the bias charagteBNnestimates, whereas
the MSE of these estimates is exhibiting a mixed tendency. The same tendenagtetizes all
procedures when considering the echelon form VARMA) model as its largest eigenvalue, that
is 0.813 (in norm), cannot be considered too high to consider the modéglay persistent in its
MA part [see Tables 1 and 2]. Simulation results show that, overall, TS2,ahfl PS procedures
outperform those of HK and PS by far. To have a better idea on whicegdrwe is providing estimates
with better finite sample properties—as we may report that those of RBY guoe&ehave in a way
similar to those associated with our suggested methods—we compute the ratiedM$Ehof the
parameters for each procedure with respect to those obtained with ©8ddpre. Obviously, with
the exception of PS procedure all alternative methods provide estimates @ihraios greater than
one. One should note that for the PS procedure the cases where theaMBEf the parameters are
significantly less than unity are often matched with relative substantial biase pecisely, these
ratios are generally increasing with the sample §iznd the lag-ordeti;. Nevertheless, it is worth
noting that TS1 has a slight advantage over TS2. So, choosing eithesrTIS2 would have no big

effect on the finite sample properties of the echelon form parameter estimates

6 Conclusion

In this paper, we have proposed a new three-step linear estimation prededestimating stationary
invertible echelon-form VARMA models. Our approach can easily be teddjp VARMAX models
and extended to integrated and cointegrated VARMA models as well. The estimatbod focuses

on the echelon form as the latter tends to deliver relatively parsimoniogsng#erized models.
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Table 1. Estimated echelon VARMA model with Kronecker indices (1,2) amapta size T=100: A comparative simulation study on the finite sample
properties of alternative fully efficient GLS estimators

Empirical mean Average error Mean Squared Error MSE ratio
Coeff Value TS1 TS2 HK RBY PS TS1 TS2 HK  RBY PS TS1 TS2 HK  RBY PS TS2HK  RBY PS

p#e; 0.00 -0.004 -0.004 -0.007 -0.005 -0.004 0.004 0.004 0.00700%. 0.004 0.200 0.201 0.267 0.197 0.187 1.003 1.337 0.985350.9
teo 0.00 -0.004 -0.004 -0.005 -0.003 -0.003 0.004 0.004 0.005000. 0.003 0.151 0.152 0.177 0.152 0.124 1.007 1.174 1.006200.8
¢, 120 1177 1177 1192 1180 1.189 0.022 0.022 0.007 0.019100. 0.056 0.056 0.078 0.056 0.052 1.001 1378 1.004 0.930
$12, 024 0239 0239 0242 0240 0.248 0.000 0.000 0.002 0.000080.0.048 0.048 0.060 0.048 0.045 1.003 1.263 1.005 0.941
$s2, 040 0400 039 0375 0398 0.532 0.000 0.003 0.024 0.00132 0.111 0.104 0.127 0.116 0.121 0943 1144 1.049 1.096
$21. -090 -0.906 -0.909 -0.916 -0.905 -0.811 0.006 0.009 0.016009 0.088 0.078 0.075 0.088 0.079 0.085 0960 1.133 1.019 1.086
$a2o -027 -0.267 -0.265 -0.256 -0.264 -0.315 0.002 0.004 0.013009 0.045 0.067 0.065 0.080 0.070 0.066 0.969 1.204 1.059960.
., 080 0786 0.786 0.774 0.789 0.589 0.013 0.013 0.025 0.00210 0.094 0.095 0.104 0.097 0.058 1.008 1.109 1.038.615
01, 050 0507 0503 0476 0506 0.584 0.007 0.003 0.023 0.00084 0.090 0.090 0.103 0.096 0.081 0.990 1.135 1.060.891
f2, 040 0383 0.38 0303 0376 0.188 0.016 0.01¢.096 0.023 0.211 0.115 0.118 0.144 0.128 0.110 1.021 1.250 1.108.953
02, 040 0374 0380 0358 0.383 0.238 0.025 0.019 0.041 0.00861 0.131 0.123 0.145 0.145 0.141 0.943 1.108 1.104 1.077
0212, 034 0313 0320 0.348 0.315 0.012 0.026 0.019 0.008 0.02827 0.162 0.152 0.168 0.170 0.172 0.937 1.034 1.049 1.062
0> 085 0774 0781 0653 0.770 0.444 0.075 0.068.196 0.079 0.405 0.143 0.140 0.154 0.147 0.105 0979 1.072 1.023731
#ey 000 0002 0.003 0.002 0.002 0.002 0.002 0.003 0.002 0.008020.0.206 0.208 0.266 0.211 0.199 1.009 1.291 1.025 0.970
#eo 0.00 0.005 0.005 0.002 0.004 0.003 0.005 0.005 0.002 0.009030.0.169 0.168 0.210 0.169 0.155 0.994 1.241 1.003 0.919
¢, 120 1175 1174 1175 1176 1117 0.024 0.025 0.024 0.028220. 0.056 0.057 0.076 0.060 0.055 1.008 1.337 1.055 0.981
$12, 024 0239 0239 0236 0240 0.240 0.000 0.000 0.003 0.00@000.0.046 0.047 0.073 0.050 0.046 1.007 1.562 1.068 0.988
$22, 040 0393 0396 0403 0403 0420 0.006 0.003 0.003 0.009200.0.105 0.102 0.110 0.111 0.105 0.969 1.047 1.057 1.001
$91, -090 -0914 -0912 -0.905 -0.907 -0.896 0.014 0.012 0.005000 0.003 0.079 0.077 0.087 0.079 0.078 0.964 1.098 0.998860.
$ano -027 -0.266 -0.267 -0.271 -0.270 -0.277 0.003 0.002 0.001000 0.007 0.064 0.064 0.075 0.070 0.063 0.997 1175 1.098850.
011, 080 0787 0790 0.775 0.799 0.746 0.012 0.009 0.024 0.000530. 0.099 0.100 0.099 0.103 0.091 1.010 0.998 1.039 0.926
0211 050 0499 0498 0505 0506 0509 0.000 0.001 0.005 0.006©090.0.090 0.090 0.096 0.095 0.093 0.999 1.064 1048 1.031
012, 040 0388 0390 0374 0396 0359 0.011 0.009 0.025 0.009400.0.121 0.124 0.159 0.135 0.127 1.020 1.310 1.113 1.046
02, 040 0371 0371 0367 0373 0.343 0.028 0.028 0.032 0.028560. 0.122 0.119 0.122 0.129 0.113 0.972 0.997 1.052 0.925
0212 034 0320 0.317 0300 0.313 0.273 0.019 0.022 0.039 0.026660. 0.159 0.154 0.156 0.170 0.177 0972 0981 1.072 1117
02> 085 0799 0.798 0.773 0.816 0.759 0.050 0.051 0.076 0.08H90 0.139 0.139 0.134 0.149 0.127 1.004 0.964 1.070.913

Note — These estimates are obtained from 1000 replications. TS1, TSPfetathe respective proposed third-stage GLS estimators based ondfstage GLS and the two-stage OLS
estimators. While HK, RBY and PS stand for the fully efficient GLS estimatoggested by Hannan and Kavalieris (1984Reinsel et al. (1992) and Poskitt and Salau (1995), respectively.
The eigenvalues of the model are real 0.900, 0.400 and 0.300ef@utoregressive (AR) operator, and real 0.824 and conjugd@s+®@.790i (0.813 in norm) for the moving-average (MA)
operator. Recall that the number of eigenvalues in each of the AR andpédrators is equal to the McMillan degree of the model. That is, the sune ¢frttnecker indices. In the upper panel
nr = [InT] was used, whereas is the lower panel a valueof= [Tl/"’] has been used. Finally;] stands for the integer less or equahto
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Table 2: Estimated echelon VARMA model with Kronecker indices (1,2) amapta size T=200: A comparative simulation study on the finite sample
properties of alternative fully efficient GLS estimators

Empirical mean Average error Mean Squared Error MSE. ratio
Coeff Value TS1 TS2 HK RBY PS TS1 TS2 HK  RBY PS TS1 TS2 HK  RBY PS TS2HK  RBY PS

pe; 0.00 0001 0.001 0.003 0.001 0.000 0.001 0.001 0.003 0.00D00CO.0.114 0.114 0.177 0.116 0.110 1.001 1.547 1.016 0.961
#go 0.00 -0.000 -0.000 -0.000 -0.000 -0.000 0.000 0.000 0.00000@®. 0.000 0.094 0.094 0.119 0.093 0.094 1.003 1.268 0.996061.0
¢, 120 1187 1187 1195 1.189 1.188 0.012 0.012 0.004 0.01@110. 0.036 0.036 0.046 0.037 0.035 1.000 1271 1.032 0.980
$12, 024 0238 0238 0253 0240 0.237 0.001 0.001 0.013 0.000020. 0.030 0.030 0.044 0.032 0.030 0.999 1424 1.048 0.989
$sp, 040 0399 0397 0411 0404 0387 0.000 0.002 0.011 0.009120.0.062 0.060 0.073 0.065 0.075 0.967 1.175 1.053 1.216
$910. -090 -0.905 -0.906 -0.896 -0.901 -0.903 0.005 0.006 0.0030010 0.003 0.044 0.043 0.053 0.046 0.051 0.978 1.202 1.033621.
$ano -027 -0.269 -0.268 -0.266 -0.271 -0.254 0.000 0.001 0.0030010 0.015 0.040 0.039 0.045 0.041 0.044 0.984 1145 1.032001.
01, 080 0797 0799 0.764 0.797 0.688 0.002 0.000 0.035 0.00211 0.060 0.061 0.070 0.063 0.053 1.019 1.164 1.058.880
01, 050 0499 0499 0505 0505 0.528 0.000 0.000 0.005 0.009280.0.058 0.058 0.063 0.062 0.059 0.999 1.080 1.059 1.010
02, 040 0394 039 0318 0.390 0.306 0.005 0.008.081 0.009 0.093 0.075 0.076 0.107 0.085 0.090 1.009 1427 1127 1.194
02, 040 0388 0391 0370 0.388 0.376 0.011 0.008 0.029 0.01D230.0.072 0.069 0.075 0.080 0.077 0.965 1.041 1.110 1.064
012 034 0331 0334 0.298 0.323 0.276 0.008 0.005 0.041 0.01®630. 0.097 0.094 0.111 0.103 0.120 0.968 1.140 1.058 1.236
02>, 085 0819 0821 0.731 0.818 0.643 0.030 0.028.118 0.031 0.206 0.082 0.082 0.104 0.089 0.073 1.002 1.266 1.082.896
#e; 0.00 0.004 0.004 0.004 0.003 0.004 0.004 0.004 0.004 0.009040.0.115 0.116 0.170 0.120 0.112 1.006 1.472 1.037 0.969
#eo 0.00 0.005 0.005 0.005 0.004 0.004 0.005 0.005 0.005 0.009040.0.093 0.093 0.115 0.097 0.090 1.000 1.233 1.036 0.968
¢, 120 1188 1.188 1.187 1.188 1.189 0.011 0.011 0.012 0.010100. 0.037 0.037 0.051 0.038 0.037 1.005 1.376 1.045 0.994
$12, 024 0239 0239 0238 0239 0240 0.000 0.000 0.001 0.00@0000.0.031 0.031 0.045 0.033 0.032 1.001 1432 1057 1.012
$92, 040 0400 0400 0400 0401 0413 0.000 0.000 0.000 0.00D130.0.062 0.060 0.063 0.063 0.066 0975 1.017 1020 1.061
$91, -090 -0.905 -0.905 -0.905 -0.904 -0.897 0.005 0.005 0.005004 0.002 0.047 0.046 0.048 0.048 0.049 0.985 1.029 1.029421.
$92o -027 -0270 -0.270 -0.271 -0.270 -0.275 0.000 0.000 0.001000 0.005 0.039 0.039 0.043 0.041 0.040 0.985 1.084 1.029041.
., 080 0801 0804 0800 0.811 0.780 0.001 0.004 0.000 0.01D190. 0.063 0.064 0.064 0.066 0.058 1.013 1.018 1.047 0.923
0211 050 0498 0498 0497 0502 0505 0.001 0.001 0.002 0.00D050.0.060 0.059 0.064 0.062 0.063 0.997 1.076 1.035 1.052
012, 040 0400 0.402 0397 0.408 0.382 0.000 0.002 0.002 0.008170.0.079 0.079 0.086 0.083 0.081 1.004 1.095 1.050 1.034
021 040 0389 0391 0389 0393 0379 0.010 0.008 0.010 0.008©200.0.071 0.070 0.074 0.072 0.068 0.983 1.032 1.010 0.959
0212, 034 033 0331 0329 0.334 0309 0.009 0.008 0.010 0.009300.0.095 0.094 0.097 0.100 0.105 0.983 1.014 1.045 1.097
02> 085 0828 0.829 0822 0.840 0811 0.021 0.020 0.027 0.009380. 0.085 0.084 0.082 0.089 0.080 0.985 0.961 1.037 0.935

Note — These estimates are obtained from 1000 replications. TS1, TSPfetathe respective proposed third-stage GLS estimators based ondfstage GLS and the two-stage OLS
estimators. While HK, RBY and PS stand for the fully efficient GLS estimatoggested by Hannan and Kavalieris (1984Reinsel et al. (1992) and Poskitt and Salau (1995), respectively.
The eigenvalues of the model are real 0.900, 0.400 and 0.300ef@utoregressive (AR) operator, and real 0.824 and conjugd@s+®@.790i (0.813 in norm) for the moving-average (MA)
operator. Recall that the number of eigenvalues in each of the AR andpédrators is equal to the McMillan degree of the model. That is, the sune ¢frttnecker indices. In the upper panel
nr = [InT] was used, whereas is the lower panel a valueof= [Tl/"’] has been used. Finally;] stands for the integer less or equahto
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Table 3: Estimated echelon VARMA model with Kronecker indices (2,1) amdp$a size T=100: A comparative simulation study on the finite sample
properties of alternative fully efficient GLS estimators

Empirical mean Average error Mean Squared Error MSE ratio
Coeff Value TS1 TS2 HK RBY PS TS1 TS2 HK RBY PS TS1 TS2 HK RBY PS TS2HK RBY PS

#e; 0.00 -0.001 -0.001 0.001 0.000 -0.001 0.001 0.001 0.001 00.00.001 0.158 0.159 0.237 0.166 0.164 1.007 1.503 1.053 1.040
tgo 0.00 -0.004 -0.004 -0.006 -0.005 -0.001 0.004 0.004 0.00600%. 0.001 0.187 0.189 0.199 0.190 0.180 1.006 1.059 1.015580.9
$910 050 0496 0495 0505 0494 0496 0.003 0.004 0.005 0.009030.0.033 0.033 0.062 0.035 0.033 1.016 1.876 1.087 1.004
¢, 180 1797 1798 1830 1.799 1.810 0.002 0.001 0.030 0.000100. 0.034 0.034 0.054 0.039 0.033 1010 1586 1.136 0.960
$s1,, -040 -0362 -0.358 -0.383 -0.354 -0.361 0.037 0.041 0.01604 0.038 0.089 0.091 0.178 0.102 0.087 1.021 2.002 1.14B730.
$sp, 080 0735 0730 0.761 0.724 0.732 0.064 0.069 0.038 0.079670. 0.129 0.131 0.249 0.148 0.125 1.017 1.931 1.143 0.966
$11. -036 -0365 -0.367 -0.517 -0.371 -0.413 0.005 0.000.157 0.011 0.053 0.111 0.111 0.188 0.129 0.103 1.006 1.699 1.168270
$120 -090 -0.887 -0.884 -0.648 -0.878 -0.816 0.012 0.016.251 0.021 0.083 0.168 0.168 0.288 0.195 0.155 1.000 1.708 1.159.920
#1033 0274 0274 0305 0.286 0.211 0.055 0.055 0.024 0.08318 0.117 0.119 0.213 0.137 0.109 1.012 1811 1.162925
021, -0.18 -0.163 -0.163 -0.265 -0.180 -0.092 0.016 0.016.085 0.000 0.087 0.107 0.108 0.191 0.128 0.098 1.009 1.777 1.194.919
02,1 -020 -0.221 -0.222 -0.266 -0.214 -0.311 0.021 0.022 0.066014€ 0.111 0.139 0.142 0.170 0.153 0.128 1.018 1.222 1.098917
022, -040 -0327 -0.319 -0.273 -0.328 -0.211 0.072 0.080.126 0.071 0.188 0.161 0.165 0.312 0.189 0.136 1.028 1.936 1.176.849
0112 -020 -0.261 -0.264 -0.101 -0.255 -0.270 0.061 0.068.098 0.055 0.070 0.123 0.124 0.235 0.147 0.109 1.007 1.903 1.1948800
f22 092 0895 0.887 0585 0.904 0.728 0.024 0.032.334 0.015 0.191 0.203 0.208 0.335 0.243 0.165 1.022 1.647 1.190.813
#e; 000 0.000 0.000 -0.005 -0.000 0.001 0.000 0.000 0.005 0.00001 0.173 0.173 0.198 0.175 0.183 1.002 1.143 1011 1.060
#g. 0.00 -0.000 -0.000 0.002 0.000 -0.001 0.000 0.000 0.002 00.00.001 0.208 0.208 0.217 0.209 0.208 0.999 1.042 1.004 1.001
$010 050 0499 0498 0500 0.498 0.506 0.000 0.001 0.000 0.00D060.0.040 0.040 0.048 0.041 0.041 1.004 1.190 1.011 1.017
¢, 180 1798 1797 1799 1794 1805 0.001 0.002 0.000 0.008050.0.038 0.040 0.046 0.043 0.039 1.039 1.198 1.131 1.020
$21, -040 -0356 -0.352 -0.360 -0.352 -0.369 0.043 0.047 0.0320470 0.030 0.107 0.108 0.136 0.111 0.108 1.008 1.264 1.0340031.
¢s2, 080 0718 0713 0723 0.714 0.7300.081 0.086 0.076 0.085 0.069 0.151 0.152 0.193 0.157 0.154 1.007 1.277 1.041 1.020
$11. -036 -0382 -0.380 -0.394 -0.371 -0.416 0.022 0.020 0.0340110 0.056 0.113 0.117 0.141 0.127 0.114 1036 1.248 1.129111.
¢, -0.90 -0.853 -0.856 -0.833 -0.868 -0.801 0.046 0.043 0.0660310 0.098 0.167 0.171 0.208 0.184 0.168 1.026 1.246 1.107 1.007
0;, 033 0268 0.268 0278 0277 0.254 0.061 0.061 0.051 0.059750.0.124 0.127 0.173 0.136 0.130 1.020 1.394 1.093 1.048
0>, -0.18 -0.166 -0.166 -0.183 -0.172 -0.179 0.013 0.013 0.003000 0.000 0.123 0.122 0.162 0.133 0.123 0.993 1.321 1.08D001.
012, -0.20 -0.231 -0.230 -0.232 -0.225 -0.245 0.031 0.030 0.03202% 0.045 0.145 0.149 0.165 0.155 0.151 1.027 1.136 1.07D431.
0221 -0.40 -0.304 -0.299 -0.302 -0.313 -0.3100.095 0.100 0.097 0.086 0.0890.191 0.194 0.239 0.207 0.193 1.017 1.249 1.081 1.012
0112 -0.20 -0.262 -0.263 -0.240 -0.268 -0.234 0.062 0.063 0.040068 0.034 0.129 0.134 0.183 0.142 0.128 1.038 1.420 1.103930.
A2 092 0848 0.846 0812 0.876 0.797 0.071 0.076.107 0.043 0.122 0.214 0.228 0.242 0.244 0.203 1.062 1.128 1.136.946

Note — These estimates are obtained from 1000 replications. TS1, TSRfetathe respective proposed third-stage GLS estimators based ondfsage GLS and the two-stage OLS
estimators. While HK, RBY and PS stand for the fully efficient GLS estimatoggested by Hannan and Kavalieris (1884Reinsel et al. (1992) and Poskitt and Salau (1995), respectively.
The eigenvalues of the model are real 0.800 and a double root 0@ autoregressive (AR) operator, and real -0.530 and catgu@.3580.584i (0.681 in norm) for the moving-average
(MA) operator. Recall that the number of eigenvalues in each of therARVA operators is equal to the McMillan degree of the model. That is, theafiuhe Kronecker indices. In the upper
panelnr = [In 7] was used, whereas is the lower panel a value0ft= [T1/2] has been used. Finally;] stands for the integer less or equahkto
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Table 4: Estimated echelon VARMA model with Kronecker indices (2,1) amdpsa size T=200: A comparative simulation study on the finite sample
properties of alternative fully efficient GLS estimators

Empirical mean Average error Mean Squared Error MSE ratio
Coeff Value TS1 TS2 HK RBY PS TS1 TS2 HK RBY PS TS1 TS2 HK RBY PS TS2HK RBY PS

p#e; 0.00 -0.000 -0.000 -0.002 -0.000 -0.000 0.000 0.000 0.002000. 0.000 0.078 0.079 0.103 0.080 0.081 1.002 1.306 1.019281.0
#gpo 0.00 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.00@000.0.083 0.083 0.084 0.083 0.081 1.003 1.013 0.999 0.978
$010 050 0498 0498 0502 0498 0498 0.001 0.001 0.002 0.000010.0.019 0.019 0.023 0.020 0.020 1.001 1.182 1.030 1.045
¢, 180 1797 1798 1816 1.798 1.804 0.002 0.001 0.016 0.00D040.0.023 0.023 0.031 0.025 0.023 1.004 1340 1.082 0.994
¢, -040 -0383 -0.382 -0.387 -0.382 -0.383 0.016 0.017 0.012010 0.016 0.056 0.057 0.065 0.059 0.060 1.006 1.158 1.05D641.
$s0, 080 0771 0769 0.772 0.769 0.772 0.028 0.030 0.027 0.03@270. 0.083 0.083 0.095 0.087 0.087 1.006 1.147 1.051 1.057
$11. -036 -0359 -0.360 -0.436 -0.361 -0.385 0.000 0.000 0.0760010 0.025 0.073 0.073 0.112 0.081 0.070 1.007 1.539 1.118670.
$120 -090 -0.897 -0.897 -0.780 -0.894 -0.859 0.002 0.002.119 0.005 0.040 0.109 0.109 0.171 0.121 0.104 1.007 1.568 1.109570
011, 033 0304 0303 0297 0310 0.278 0.025 0.026 0.032 0.019510. 0.076 0.077 0.092 0.086 0.074 1.007 1.208 1.136 0.978
0>1, -0.18 -0.170 -0.169 -0.188 -0.176 -0.127 0.009 0.010 0.008003 0.052 0.069 0.069 0.098 0.077 0.064 1.009 1.429 1.118330.
0121 -0.20 -0.205 -0.206 -0.253 -0.200 -0.247 0.005 0.006 0.05300® 0.047 0.095 0.096 0.100 0.104 0.094 1.014 1.053 1.098910.
022, -040 -0374 -0.370 -0.296 -0.378 -0.310 0.025 0.020.103 0.021 0.089 0.104 0.105 0.124 0.118 0.103 1.013 1.198 1.133 0.994
0112 -020 -0.226 -0.228 -0.200 -0.229 -0.237 0.026 0.028 0.000029 0.037 0.078 0.079 0.108 0.089 0.076 1.011 1.383 1.14B820.
f22 092 0915 0913 0.727 0919 0.814 0.004 0.006.192 0.000 0.105 0.136 0.138 0.197 0.155 0.122 1.012 1442 1.133891
#e; 000 0003 0.002 0.003 0.002 0.003 0.003 0.002 0.003 0.00D030.0.082 0.082 0.082 0.081 0.084 1.005 1.003 0.999 1.028
#go 0.00 -0.003 -0.003 -0.003 -0.004 -0.004 0.003 0.003 0.003004€. 0.004 0.089 0.089 0.089 0.089 0.090 1.005 1.001 1.005151.0
$210 050 0498 0498 0498 0498 0500 0.001 0.001 0.001 0.000000.0.021 0.021 0.021 0.021 0.023 1.001 1.004 1.000 1.057
¢, 180 1799 1798 1798 1798 1.805 0.000 0.001 0.001 0.00D050.0.024 0.025 0.025 0.025 0.025 1.017 1.025 1.024 1.015
$21, -040 -0.383 -0.381 -0.382 -0.381 -0.385 0.016 0.018 0.01701&® 0.014 0.060 0.060 0.060 0.060 0.065 1.003 1.001 1.002901.
¢92, 080 0771 0768 0.770 0.768 0.770 0.028 0.031 0.029 0.03D290. 0.085 0.086 0.085 0.085 0.094 1.002 0.999 1.001 1.068
$11. -036 -0367 -0.366 -0.364 -0.362 -0.393 0.007 0.006 0.004000 0.033 0.075 0.077 0.077 0.078 0.076 1021 1.030 1.03D071.
¢,, -090 -0.884 -0.886 -0.889 -0.891 -0.843 0.015 0.013 0.0100080 0.056 0.111 0.113 0.114 0.115 0.111 1.020 1.030 1.038041.
0;, 033 0307 -0.308 0.308 0.309 0.301 0.022 0.021 0.021 0.020280 0.078 0.079 0.079 0.080 0.080 1.013 1.015 1.024 1.029
0>, -0.18 -0.172 -0.171 -0.170 -0.171 -0.183 0.007 0.008 0.009008 0.003 0.072 0.072 0.073 0.073 0.076 0.998 1.017 1.01®491.
012, -020 -0.211 -0.211 -0.212 -0.210 -0.221 0.011 0.011 0.01201® 0.021 0.095 0.097 0.097 0.098 0.100 1.021 1.016 1.039€491.
0221 -0.40 -0.366 -0.361 -0.362 -0.366 -0.354 0.033 0.038 0.03703 0.045 0.112 0.114 0.113 0.115 0.118 1.018 1.006 1.028481.
01,2 -0.20 -0.226 -0.227 -0.228 -0.231 -0.212 0.026 0.027 0.0280310 0.012 0.07v9 0.080 0.080 0.082 0.079 1.011 1.015 1.039061.
02> 092 0899 0.898 0899 0913 0.856 0.020 0.021 0.020 0.008©630. 0.139 0.143 0.143 0.146 0.135 1.029 1.029 1.053 0.974

Note — These estimates are obtained from 1000 replications. TS1, TSRfetathe respective proposed third-stage GLS estimators based ondfsage GLS and the two-stage OLS
estimators. While HK, RBY and PS stand for the fully efficient GLS estimatoggested by Hannan and Kavalieris (1884Reinsel et al. (1992) and Poskitt and Salau (1995), respectively.
The eigenvalues of the model are real 0.800 and a double root 0@ autoregressive (AR) operator, and real -0.530 and catgu@.3580.584i (0.681 in norm) for the moving-average
(MA) operator. Recall that the number of eigenvalues in each of therARVA operators is equal to the McMillan degree of the model. That is, theafiuhe Kronecker indices. In the upper
panelnr = [In 7] was used, whereas is the lower panel a value0ft= [T1/2] has been used. Finally;] stands for the integer less or equahkto



Moreover, our procedure remains valid to other identifying issues ssidinal equations or any
other restricted model for inference purposes.

Our proposed method allows for the presence of intercepts among thesseg—uwhich, in
contrast to previous works, looks more realistic—and provides a simpligeergl and compact
standard form for the echelon-form parameter estimates that are easi@mpute than those of
Hannan and Kavalieris (1984 This may be more advisable and tractable in practice. Further, we
have extended the results of Dufour and Jouini (2005) for the twoesttmation method to derive
the asymptotic distribution of the GLS estimators in the case of strong WN, sinee tcowledge
it has not been stated yet anywhere. Moreover, we gave its covaresticnator. In addition, we
have proposed a new recursive linear method to filter the new residuadssaey to our third-stage
GLS estimation. These residuals are function of the first-stage long-gteeston and second-stage
residuals as well. Hence, taking into account the truncation error as=beidth the approximate
long autoregression used in the first stage. Also, we have providedbeetioal justification for
implementing a third-stage linear regression without any prior assumption afcthal distribution
of the errors, unlike preceding works. We have shown that the res@ti®estimators, for which we
have derived its asymptotic distribution under strong WN and gave its cocariestimator, provide
an appealing and intuitive interpretation of nonlinear estimation methods sudsaS and ML.
Thus, achieving efficiency with Gaussian errors. This shows the asymptizalence between
our third-stage and ML estimators. However, the finite sample propertiegragstimates are not
the same as those of ML estimators. Although our three-step estimation predcedsymptotically
equivalent to that of Hannan and Kavalieris (1B84he estimates of the asymptotic covariances of
the echelon-form parameters we have given for the second and thgessda well, are simple and
easy to use for inference purposes, especially with simulation-basetigeeh such as bootstrap
methods.

Further, simulation evidence has shown that our proposed GLS estimationdseatatperform
in most cases those proposed in the literature. Also, the finite sample prepdrtiee echelon
form VARMA estimates are sensitive to the lag-order of the first-stage dangregression when
approximating the true innovations. This would suggest that more investigsttiond be made
on this issue to provide more efficient algorithms in specifying the lag-orfigredfirst-stage long
autoregression. This lag-order may have an effect on the finite sampliéycnf the echelon form

parameter estimates, and thus on their implied forecasts and impulse regmurtsEns subject of
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interest in most applied researchers.
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A Appendix: Proofs

PROOF OF PROPOSITION 3.1 Note first that
~ 2 ~ 2
EHFY (nr) — Ty (nr) H1 < EHFY (n) — Ty (nr) H (A1)

wherel'y (nr) =T~ S/_, Vi (n7) Vi (nr)’ andT'y (nr) = E [Y; (nr) Y: (nr)']. Then it can be seen that

T nm T 2
EHFY (nt)-Ty (nr H —22 HT‘lz(yt - /Ly Jrz Z ' Z Yt— let o~ y(nsz)} s
t=1 T1=172=1 t=1

with Ty (11 — 72) = E[yt—7,Yi—r, ] . Using (2.2), it follows from Hannan (1970, Chapter 4) that

Co(Y).

T

EHT*1 > (wi-r — )

2 k T
:O(T)7 EHTilz [ytfflyz—TQ 71—"!4 (Tl 77_2)}
t=1

hence

EHPY (nr) — Ty (nr H _o(l";f> +o<k2}l2T> :o(%). (A.3)

Further, we have

ny (nr)~ = Ty (ng)~" H ny (n)~* [fy (nr) — Ty (nT)]rY (nr)~* H

IN

R

, (A.4)

with

e N R e e

where as in the univariate cad|T'y (nr)”" | is uniformly bounded by a positive constant for all-, hence
[Ty (nr)~'|| = Op(1); see Berk (1974, page 491). MoreovgL)y (nr) — I'y (nr) ||||Ty (nr) ™" || < 1 (an event

whose probability converges to oneBs— oo). Therefore

o Ao -re e e [
HFy( r)" " =Ty (nr) S1—ny(nT)—Fy(nT)HHFY(nT)*lH7 p(Tl/Q) (A.6)
and finally
[Py () =Ty () 7| = op<%). (A7)
|

PROOF OF THEOREM 3.1 Recall thafll (nr) = Wy (nr) Ty (nr) ", whereWy (nr) = T~' " 4,Y; (nr)’
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andy; = II (n7) Y: (n7) + ue (nr). Set

T
Z ue (nr) — ue| Vi (nr)”, Uz (nr) 1Zuth nr)’ (A.8)
Then
Hﬁ (nT) — H(nT) H < {HUl (nT) H + ||U2 (TLT) ||}ny (nT)71 H (Ag)
where, by Assumptio.3
ny (nr)~" H :op(1)+op(:';?/§) =0,(1). (A.10)
Note that
E||Uy (ne) || = EH Z —ut]Yi (np) H <T_1Z{EHUt nr)—u| } {EHYt(nT) |‘2}1/2, (A11)
with
E||Y: (nr) ||* = 1+ nrte[y (0)] < (1 +n7)d (A.12)

whered = max {1, tr[I', (0) ] }. Further, using (2.3), one can show that

2

o0
> My,

T=np+1

E[Jue (nr) — wi]|*

oo oo
Z Z tr[H'TlHTQFya (T2 —71)

Ti=np+1l71o=np+1

oo > | [Ty (72 = ) |

Ti=n7+110=np+1

IN

LI VD sl L S
T1=n7+17o0=np+1
c? = :
< poplmd( X m) a9
P T=nr+1

whereC is a positive constant aridye (s — t) = E[yf'ye’] with y¢ = yo — 1, = Y _ Wyus—o, hence

v=0
C oo
s ) | < =l 0 nn) 202 (Y )
T=np+1
14+n 1/2 > =
e (TT) (n;ﬂ > anu):ou) <n;/2 > HHTH> (A14)
T=np+1 T=np+1
where(; is a positive constant. Then
|Ux (n2) || = Oy (1) (n;ﬂ > HHTH). (A.15)
T=np+1
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Sinceu; andY; (nr) are independent, we have

E[|t2 () |

;i E [upue] [Yt (nt)’ Yt(nT)}

%tr[Eu] (1 + nrtr[Ty (0)]) - O(k +§2nT) _ o(kQ;T),

hence
knl/?
|2 ) | = 0, (it ).

Then, by Assumptio.4, we show, using (A.9), (A.10), (A.15) and (A.17), that

Using Assumptior?.6, we finally get

n;ﬂ 1/2 - n;"/Q
||U1 (nT) H :OP<T1/2>(T Z HH ||> _OP<T1/2>

T=nr+1

and e
[t )~ 160m) | = 0, (52 )
u

PROOF OF PROPOSITION 3.2 First, note that

]

V2! L Vec [Qy (n7) Ty (n7) ™' = Qy (nr) Ty (nT)_l]

|

IN

e [[772{ 8 ) By ()™ = 2 () Ty () ™

2l + aof)} < 22 | + o]}

IN

where

T1/2||lnT||HVGC [QY (nr) Ty (nr)™! = Qy (n1) Ty (n7) ™" } H

(A.16)

(A17)

(A.18)

(A.19)

(A.20)

(A.21)

Q= T/? [Ul (nr) + Us (TLT)] [fy (TLT)f1 —I'y (ﬂT)71 ], qQ = T2 Z [ut (nr) — Ut]Yt (n7)' Ty (TLT)71 ,

t=1

with U; (nr) andU; (nr) as defined in (A.8). Then

H(hH = HT1/2 [Ul (n7) + U (TLT)] [f‘y (nr)~' =Ty (n7) ] H

IN

T2{||Us (n) || + [|U2 () ||} By () =Ty o) ™"
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Ellel] = EHT”Qé o 1) = )i ) T ()|

IN

2L S | e o) — ] o) P o) |}

T‘1/2{ é E||ue (nr) — ut}|2}1/2{ é E

IN

2 1/2
Yt(nT)'Fy(nT)_IH} . (A.23)

By Proposition3.1, (A.15) and (A.17), we can see, using Assumpo§ that

T1/2{Op(1) (an“ i 1L, H) +0p (Tll//z)}Op(i’tLlT/z)

arll =
T=np+1
s n3/? n3/?
_ {Op(l) (Tm 3 HHTH>+OP(1)}O (T{N):op(#). (A.24)
T=np+1
Moreover, we have
EYt(nT)’ry(nT)*lH2 = E{u[ly (1) Vi (nr) Yi (o) Ty (n) ]}

tr [FY (nr) " E{Y; (n1) Y; (nr)' }Ty (nT)*l] =tr [FY (nT)*l] = 0(1).(A.25)

Then, using (A.13), we get

T 2y 1/2
Ellgz|] < T71/2{2E|}ut (nr) — ue|® } {Z Y: (nr) Ty (nr)~ 1H } :
t=1 =
_ T—W{o(T)( S| H)} { } o) <T1/2 >y HHTH), (A.26)
T=np+1 T=np+1
[la2]| = Op (1) (Tm > HHTH), (A.27)
T=np+1
hence
3/2 oo
|8y (r) — 5 ) | = 0, (%)w ()(TW 3 HHTH). (A.28)
T=np+1
Therefore, by Assumptiors5and2.6, we have
HSY (nz) — Sy (nr) H — 0, (1). (A.29)
Further, we see that
T1/2 ) oo
(T)HSY (nr) — Sy (nr H =0,(1)+0, (1) (Tn;S/ 3 |}HT}|> (A.30)
nT T=np+1

where, by Assumptio.5, Tn;*/* < ¢=3/2T173%2/2 sincenr > ¢T°2. Setting alsdis = 1 — 342, thenl < 63 < 1
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since0 < d2 < 1/3. Hence

(i;)(\éy(nﬂ—syw)u:op<1>+op<1) (T‘sS S HHTH) (A31)

T=nr+1

If, in addition, Assumptior2.7 holds, then we get

(%Z) |3y () = Sy () || = 0, (1) + 0, (1) = 0, (1) (A.32)
T
and finally oo

|8+ () = v () || = 0(;%) (A33)
|

ProoOF oF THEOREM 3.2 By the standard central limit theorem for stationary processes [seerdaoml (1971,
Section 7.7), Scott (1973, Theorem 2), Berk (1974, page 491)jsLaend Reinsel (1985, Theorem 3), Chung (2001,

Theorem 9.1.5)] and under the assumption of independence betweadY’ (nr) we have:

Sy (nr) 4, ~Nlo,1 A.34
{lfnTQY (TLT) lnT}l/z T—o0 |: ’ ] ( . )

whereQy (nr) =Ty (nr) ' ®X, andl'y (nr) = E[Y; (nr) Y: (nr)"]. Therefore, by Propositiod.2and Assumption

2.5we finally conclude that

21, vec [1:[ (n7) —H(nT)] _ 8y (nr) B N[O 1] .
Qv () n )P {1, Qv () by )2 o .

PROOF OF PROPOSITION 3.3 LetX, (T) =T"" Zthl usuy. Then, by the triangular inequality, we have

Hiu (nT) - Eu

< Hz (n1) — Su (T) H + |5 (T) = S (A.36)
where||X, (T) — Su|| = O, (k/T"/*) and

e () e ()’ — west |

M

S
)
L

\

™

S
-

IN
Nl
(]~

-
Il

1

IA
N =
M~

{Ila: () = wil|[[@ Gor) || + [Jue]|[[& (o) = wil| . (A37)

-
Il

1
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Moreover, we have

IN

2|\t (nr) — we (nr) H2 + 2||ue (nr) — utH2

Z HTy;l—‘r

T=np+1

ie (nr) = ue])®

IN

2||ft (nr) ~ 11 (n1) H2||y; (nr) ||* + 2

where||lI (nr) — I (nz) |* = Op (K*nz/T), E||Y: (nz) ||* = O (knr) and

o 2 [e S} 2
S My, :O(k)( 3 HHTH) ~ ok,
T=np+1 T=np+1

hence

_ k3 2 _ k3/2
e or) = e = 0 (7). i r) = ]| = 0, (20 ).

Finally, we get

- k*n =~ k*n
o= (52). s -] =00 (£25),
sinceE||u; H2 = O (k). Therefore, similarly, as in the proof of Propositidr, it can be seen that
- 2
W (np)"t—u7 :op(’;%),
| |
PROOF OF PROPOSITION 3.4 Let
P (1) = TS XX, T (1) = T (1) @ 5", Qe (1) = {RTx (1) R}
t=1
Then
|ox ) - Qx| < HQX(nT)—l—Q;:
< oxom-axm | +Jos e
with
|@x @) = Qx'|| < 1B tx (@) = xx|| = B[ ||[Tx (1) ~ x|
where|| || = 75, |55 | = O, (k) and|[Tx () ~ Tx || = O, (hk/T"/?). Hence
-1 —1 ’I’pth
HQX(T) —Qx || =0\ 12 |-
Moreover, we have
N L )
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(A.38)

(A.39)

(A.40)

(A.41)

(A.42)

(A.43)

(A.44)

(A.45)

(A.46)

(A.A7)



where

[Tx ) =T ()| < [P ) ||[£u o)t = 22|+ [|Px (nr) = Dx () [0, ad8)
[Px (nr) -Tx (@)|| < ;i{ X () || %2 o) = X + | %2 (o) - X thu}, (A.49)

with

X (nr) — X+

! ~ 2 2 1/2() ~
{ZHut—j (nT) _UtfjH } = (;5-1—1) Hut (nT) _utH

. h1/2k3/2
< W) - | = 0, (M) (A50)
using (A.40). Further, sinck|| X:||* = O (hk) and||S; || = O, (k), we have
- hk? . hk?
HFX (nr) —I'x (T) H = OP<T1772T) ) HTX (nr) — YTx (T) H = Op(TliZT), (A.51)
then
~ _ _ shk?
[@x ) = @ (7 | = 0 (2 ). (A52)
Hence
~ _ _ shk? ~ _ _ shk?
HQX (nr)™' = QXIH = Op(f’pp#) HQX (nr)”' = Q%' = OP(%) . (A.53)
Finally, as in the proof of Propositio®11, one can show that
~ shk?
Jox rr) x|, =0, (" s
|
PROOF OF THEOREM 3.3 Recall that) — n = Qx (nr) Qx (nr). Then
H’ﬁ - 77“ < HQX (nT) HIHQX (nr) — QXH + HQX (nr) — QXHIHQXH + HQXHlHQXH (A.55)
where, by Propositiof3.4,
~ _hk3 ~
[oxom-ax], = (5" ). [ax wn], = 0n(rata?) @
Let also
1 T
Wx = > wX. (A.57)
t=1
Then one sees that
Qx = R'vec[S, ' Wx] (A.58)
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and

Ellox||* < [|RI[I= el W

where, by independence betweenand X,

B[ W ? = o(Lf).

Hence
ri/2nt2 g2
Jex] = 0y (i ).

Now, consider the terfjQx (nr) — Qx||. Then it can be shown that

HQX(TLT)—QXH < HRH Ui

|

Sy (nr) ' —

I

where

1 <& .
Z —ut X(nT

t:l
T

1

E et (nT) —ut Xt,WX (nT)

t:l

By Proposition3.3, we have

_ k*n
7 =0, 0+ 0, (5,

Moreover, using (2.12), (3.18) and (A.50), one can see that

llee (nr) — we|| < |[ X (nr) — Xe| || B][||n]| =

Hence

[ () || < {% ij et () — utH?}w{; i % (na) -

w(nr) Tt =2t =

¥

) — X:],

Zut Xt nT

O Tﬁhl/ng/QnT
p T1/2 '

9y 1/2
o

Further, setting” = [pig, Ix — ®o, P1,...,P5,01,...,0;], one sees that

~ 5 2 ol 1 oo
[ 6 | < 1 3 32 e or -
t=1
with
T D T
H Z Xt TLT) Xt Z TZ Ut — ]
t=1 =0 t=1
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2
X)X

I

— Utfj]Xt/

np)~! H{HW’l‘ (nr) || + [ (o) || + |75 (or) H}

— X

3,2
rphk’ng

2

(A.59)

(A.60)

(A.61)

(A.62)

(A.63)

(A.64)

(A.65)

(A.66)

(A67)

(A.68)

(A.69)



and
T

ES USSR

"< o o) |+ 2 o) | (a70)

WhereW)Q(l (nT) =771 23:1 [’l]tfj (TZT) — Ut—j (TZT) ]Xt/ andV~V)2(2 (nT) =71 EtT:I [ut,j (’I’LT) — szj]Xt,. In

particular, we show that

2 2

~ 2
W& () || < ) = Tt ||| WX () (A1)
where
. 2 1< &L 1o 12
HWX (TLT) H = HT ;Y;,j (’I’LT) Xt = HT ;Xt T tz:;yt,j,TXt (A72)
Given the VARMA structure of); as described above, one sees that
T
1 hk
= Xl = A7
|7 =o (%) ar)
and
T 2 2 T+j
1 hk=C
t=1
for some constantS; > 0 and0 < p < p; < 1. Consequently, we get
- 1 = l ? e ClpTJrj hk‘QClpj hk202
— il < — 1 _ .
Bl 7D _vemir X <D =7 TTO-p) T (AT5)
= t=1 T=1
with C2 = C1p}/ (1 — p,), then
v 2 hk?
HWX ) || =0, <T) . (A.76)
Hence, using (A.20) and (A.76), we show that
- 2 hk*
HW}? (nr) H = op( T;”). (A7)

In addition, we have

T oo T oo . ) 1/2 ) 1/2
Z Z N e =5 DD N F{= 7 oy e = Pl

t=11=n t:l T=np+1
. T
r

{ }1/2{”[“(0)]}1/2( i HHTH):O(I)"T) (A78)

T=nr+1

ez oo

IA

'ﬂ \

wherel'x (0) = I'x. Therefore

T 2 4 T 2 274
, 1 . ,
H S [ (nr) — ur—s] X :op(hkT?T), HTZ [X: (nr) — Xi] X :op(h ;2”7“). (A79)
Then
. hk2n}/?
HW; (nT)H:op( ot ) (A.80)
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Furthermore, one can see that
~ 3 2 P 1 r ~ , 2
HWX (nT) H = j:g - Hf t:E - Ut [ut,j (TLT) — ut,j] H (A.81)

where

T
H?Z G (nT) — Ui J

‘ HW (nr) H + HVT/’Bf2 (nr) H (A.82)

with W3 (ng) = T7 071, we[die—j (n7) — ey (n7) ] andW32 (nr) = T~ 3 we[ue—j (nr) — ue—j]’. More
especially, we have

[ e | <

Y (nr HHH (nr) — 11 (n7) H (A.83)

Therefore, by independence betwegrandY;_; (nr) for j > 0,

. 1T ) knl/?
‘ Wy (nr) H - H? 21: wYi_j (nr)’|| = op( I ) (A.84)
In view of (A.20), we get
.31 k*nr
HWX (nr) H =0,( 1% (A.85)

In the other hand, we have

B[ (o) | < Ti _i Eflueyi—; |||+ < T;T %:H{Enyt Sl } L) V2|
- TZT:{ -1} H{uma} " ( > 1) = o). (A86)

T=np+1

Therefore, it follows that

T 2 4,2 2 4 2
1 5 k 1 = hk
Hf ;m [Ut—j (nT) *ut_]_}/ :Op( TZT) TEUtI:Xt( ) Xt] =Op( T;LT) (A.87)
Then
- h1/2k2
Hw§ (nr) H - op( = ”T>. (A.88)

Finally, one can see that

o oy = Bl o [ {155 0] 95 6 | 2 0}
HR|[|[Su (nr) 7" = 2y [
- op("ﬁhff”%). (A.89)
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As aresult, we get

3/273/21.4 27216, 2 2
~ > “h k r:h“k°n 1 n
7= = O (PTT> +op<%) - op<m> +op<%>. (A.90)

Furthermore, in view of Assumptich 3,

|7 =n|| = 0p (1) - (A.91)
Moreover, one sees that
2
|72 = )| :op(1)+op<%). (A.92)
Hence, by AssumptioB.8, we get
3/2p3/2p4 1
12—l = 0p<7r” 173 ) = Op(m). (A.93)
|
PROOF OF PROPOSITION 3.5 Note that
HSX (nr) — SXH = Tl/QHQX (nT) Qx (nr) — QXQX‘
o TN I N e

where by PropositioB.4and Theoren3.3, we have:

HQX (nrT) Hl =0, (rf,h]ﬁ) 7 HQX (nr) — Qle = Op<7qﬁ];jf#)7 (A.95)
12x]] = OP(W) @ () - x| = Op(ﬁ) (A.96)
and finally
2712716 2
H§X (nr) — SXH - op<7’”ﬁhTf/2”T> (A.97)
|

PrROOF OF THEOREM 3.4 By the standard central limit theorem for stationary processes [seerdaml (1971,
Section 7.7), Scott (1973, Theorem 2) and Chung (2001, Theor&r)P and under the assumption of independence

betweenu; and X;, we have:

™ 0x N[o, Q;l]. (A.98)
Then
Sx = TY?QxQx TL N[0, Qx]. (A.99)
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Further, by PropositioB.5and assumptio8.8 we conclude that

TV2(7 — n) = Sx (nr) = N[0, Qx]. (A.100)

|
PROOF OF PROPOSITION 3.6 By the triangular inequality we have
|5 (o) = 3| < [ 0r) = S () || + 50 @) = 5] (A.101)
where
- 1 a - - / ’
[ o) -2 @ < 53 le ) e (nr) — wind|
t=1
1 T
> {Ha (nr) — we|||é (n) || + [Jue||||& (nr) — | } (A.102)
t=1
with

Jéctr) —wll = ||[i @ B Rn = (% (o) @ 1) | < N = 2]+ 6= o 10}

r2h2K° rsh' 2 knp rsh 2 knp
_ op(%ﬁ) +O”(Z7TT) _ op(z’TT), (A.103)
Therefore, we get
~ T‘hl/2k5/2n
Hze (nr) — S (T) H - o%%) (A.104)
Hence
~ _ B B T’h1/2k5/2n
Hze (nr) — S| = HE (nr)~' — ¥, ‘ = op<PT17/2T). (A.105)
| |

PrROOF OF LEMMA 4.1 Under the invertibility condition of the echelon form VARMA representation heve
det [O ()] # 0, |2|] < 1. Then there exists a positive constansuch that
0(z) ' = ZAT mz", |z <1l+e. (A.106)
7=0
Moreover, there exist real constarfts¢) > 0 andr > 7¢ (7,70 € Z), such thatA; (n) (1 +¢)” — 0asT — oo,
andAic- () < C(1+4¢)77, 2| < 14, whereA. - (n) is the component oA (n) in thel-th row andc-th column
(l,c=1,..,k) and0 < ¢ < e. This means that all components &f (n) are geometrically bounded. Further, let

p=(1+¢) ! sothatp € (0,1), then||A- (n)|| < Cp7, with C = kC. In particular, there exists a positive constant
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suchthatl + s~ < p~'. Hence forlz| < 1+ x~*

Dol [zl < Z (TR <Y 00T (1R
=0 7=0 =0
= T Ck

Let alsoA;.,- (%) andAy.,- (n) be the components & (77) andA; (), respectively. Then

Nieyr () = Areir () | = ()7 [ALD G1) (2) = AL () ()]

(A.108)

z2=0

where|.| stands for the euclidean norm, amﬁ') (M) andAl(CT) (n) designate the-th derivatives of\;. () andA;. (n) with
respect toz, respectively. Hence, applying the Cauchy inequality to the derivativaa analytic function, herd (n) (z)

[see Ahlfors (1966, Page 122), and Churchill and Brown (1999eR&0)], we get

AP0 E-A0mE][ a7 e [rmE-smE] @0
then
Mo () = N ()] € (U+m7) 7 ma [0 () () = e ) 2)|
< (AT max [det {6 (2) }}_1@; (=)~ [det {0, (2)}] 0t (2)
—hyoT e o e z gt z
< (14« |z|£1li)é*1 [det {0:(2) }] [d t {O- ( )}] 01+ ( )‘
H14a)T max | [det {0 () [k ) 61 ), (A.110)

forr € Z and|z| < 14 s, where the polynomialé;ﬁ( ) andd;

le,T

(z) are the(l, c)-th components of the adjoint
matrices 0P (z) and® (z), respectively. By assumptidfij— || = p( *1/2), hence|© (2)—© (2) || = O, (T*1/2)

for |z| <1+ x~*. Consequently, we have
8 —1 —1
H [det {6, (=) }]  — [det {0 ()}] H =0,(1712), (A.112)

Orer (2) = 0L ()| = O (T72), |Arerr () = Nicr )| < C (14 57") T2, (A112)

Hence

Ac (i) = Ar () || = 0, (1), (A.113)

Finally, we get

Ar (i) = Ar (n) H < C(Hn”)_TT*l/?, T1/2(1 +n*1)7‘

5 lgc{pr+ (1-&-;{1)7TT’1/2]. (A.114)
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PROOF OF PROPOSITION 4.1 By the triangular inequality, we have

T
iu (@) = Su < T 2:: ||Ut Yue (7) — UtUn,tH + Op(Tfl/Z)
T
< Z{ Jue (1) — | e ) [| + [l l[Jwe ) = wel |} + 00 (T772) (A215)
where
e () = we | < |Jue () = we () || + [Jue () — e (A.116)
with |lue (n) — we|| = O, (p'). Furthermore, let (5) = [®o, —®1,...,~P;], ® (§) = [P0, ~®1,...,—P;] and

Vi (p) = [yi/yis, .. yil 5] . Then

|lue (7) — e () || < ti[AT(ﬁ)—AT(n)]é(ﬁ)WT(ﬁ)H+ S - (1) [é(ﬁ)—@(ﬁ)])@(if(ﬁ) . (A117)

with

;O[anA7<n>]<i><p>m%(p>H < [ew v e H( (@) - H)_Tm( (s
-

using Lemmat.1 Then, by Theorer3.3,

60 -om]v.m)| < Hw)—<1><p)Hummu(gumn)H)
< (D) - () - o). mas)

for some positive constanés; andC->. Hence
s () = e () | = Op (T72), [Jue (7) = wel| = O (T7) + O, (") = O, (T7/?). (A.120)

Therefore, we get

-0, (T*”?). (A.121)
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PROOF OF LEMMA 4.2 Consider the two equations

P P

Qoye = pgo+ 3 Py + Pour (n°) + > Oy (%), (A.122)
i=1 =
P P

Qoye = per + Y Piye—i + our (n) + Y Ojue; (n') (A.123)
i=1 j=

wherepigo = ®° (1) 1y, prgr = ®* (1) o With @° (1) = -7 ®F and®' (1) = &5 —>_F_, ®}. Then subtracting
(A.122) from (A.123), we get

P

(6= ®3)oc (") = (1ar — pa0) + > (@} = @)y + Z (65 - 69)u—s (n)

i=1 j=1

+<29?Lj> [ut (") —ue (no)] (A.124)

wherev; (n°) =y« — u¢ (n°). Therefore

Ut(’ll)—ut(no):—(zp:@?ﬂ)1[}(2(771)@]/@}377 _77 Z[Xt L) @A (n )]R(nl_nO)
" ) (A.125)

whereX; (771) = [1,1},/5 (771) T/ VA (771) ey Ut—p (7]1) },, with v (7]1) =y — ut (7]1). Finally

w (n') = ue (n°) = =27 (", 0°) (0" =°), 2 ZR [Xi—r (") @ A (1) ]. (A.126)

PROOF OF PROPOSITION 4.2 Set

T —1

Qx (n) = {% S Zi()SL 7z (n)’} . (A.127)

Then
HQ?{( '—Qx () HQX '—Qx(n H < HQX '~ Qx(n HJrHQX ' Qx (77)71H,

with
_ 1 Z
lex™ el = |3 {zmsrzw -eamsrzw]}|
< RIS 2 S =0 =T (=) 1 ) 1A (o) | r228)
7=0v=0

where

Ix (r—v) th X, Tx (=) =E[X; - X{_,]. (A.129)
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From the VARMA structure ofj: one can see that

AolT—vl
E|Tx (r —v) = Tx (7 —v) H"’ < C"T , (A.130)
for some positive constants andp < p < 1. Hence
[@x )™ = Qx ()" || =0y (T*”Z). (A.131)
Further, it can be seen that
% 7 = @x 7 || < [l + @2l + [1@s] (A132)
where
1 — A
Q= f;Z’f () =128 (m) - 2 Tz:: RN AR GRES)
T
Qs = A3 (2 m)— 2 ) )Su () 28 i)' (A134)
t=1
More especially, we have
T
EAESS A ) — 20|, (A.135)
t=1
with
E|Z(m) || = ZR [Xt - @A ( H IR Z Z ITx (71— 72) [[||Ars () |[|Ars () ]|
=0 71=012=0
oo oS} o] 2
< GIRIPY. S AT A @) ||| Ars () HSC‘QHRW(ZHAT (n) H) =0(1) (A136)
T71=072=0 =0
for some constant§;, C> > 0and0 < p < p < 1, and
122 Gion) — Ze ()| = [x” A ()] - ZR[X,:T@A ()H
7=0
< HRH{ S [(Xer )= Xer) @ A ) ]| + | D [X-r @ A (1) ] }(A.137)

=0
where

2

oo

IRI* S S |0 (1 = 72) [[[[Ars () [[[Ars () |

B> [Xe—-oa ]| <
< GRIP DS ST AT A ) [[[|Ars () |
< alrl (Ll o) <aclrP(Sr) -0 ). e

T=t
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and

with

Xer G~ e ZHuu— —usF =0, (1)

in view of (A.120). Therefore

t—1

Z [(Xt” () - Xt—T) ® Ar (n)’} H =0, (T‘W),
then
|27 on) = Ze o) || = 04 (7772) +0, () = 0 (T172).
Hence

Q| = 0u(177).

Likewise, using (A.136), (A.142) and Propositidri, we can show that

Q| <

and

IN

@l < 33002 o =z {2 0 -

S, (@) -2yt

S22 @) = Ze () ||

H=a 22 G =

- 0, (T*W).

Consequently, we get

0% @7t = Qx| = 0 (172), | Q% ! = @x ()7t = 0u (7717,

then

Q% ) = Qx| = 0n(T712), ||@% () - @x () || = 0u(177).

Further, one can show that

Jox@ =@t < flex@ - @k @
< |5 )ﬂ\}i{uzt(ﬁ)Zf(ﬁm)HHZt(ﬁ)

+128 @) ||| 2 () = 28 Giom) ||}

49

S (e =X ) .0, 0| < Sl 0= el

{ZHZt VI[l122 G = 22 o) | + 1122 (n H]}:OP(T—W)

|2 + 2 e o 1

(A.139)

(A.140)

(A.141)

(A.142)

(A.143)

(A.144)

(A.145)

(A.146)

(A.147)

(A.148)



where, by Propositiod.1and Lemmat.1,

iu (7~7)_1 iu (ﬁ)_l _251 +||E;1H :Op (1)7

<

t—1

12 ) = 22 @) || < RIS {1Xemr () = Koo ||+ | Xer | [ Ar () = Ar () || = O (T772).

Then, using (A.136), (A.142) and (A.150)

122 (7,m) ||

12 @) |

—Z ||+ |2 )| = 0 (1)

A IA
N
3
2

|2 (@) = 2 () || + 1|12 () — Ze () || + || Ze () || = Op (1),

then
o<t -axior <o)
Hence
HQX (77)—1 - Qg( (77)—1 ) = Op(T—1/2), ‘QX () — (:23( () H1 _ OP(T—I/Q).
|

PROOF OF THEOREM 4.1 By the triangular inequality, we have

[o=nll <[5 @as o]+ |ex maxa @

IN A

+|Qx @ - Q@ |,

S () || + [ @% @) | [[2x @ - 95 @) |
wherel|Qx () ||, = O, (1), [|2x (n) || = 0, (T72),

|05 @) = @x ||, = 0 (T77%), [[@x @) - @ @) |, = 0a (T772).
Now, considet| 0% (77) — Qx (1) || and||x (7) — Q% (77) ||. For the first term, we have

- Ly
T
t=1

2 )£ ) e )|

o5 @ —ox ]| < ‘

z Zt ,,: Ut
t=

(n) [Su ()

T

+|lL
T

50

(A.149)

(A.150)

(A.151)

(A.152)

(A.153)

(A.154)

HQX(n)ulHQX(n |+HQ><(77 Qx (1) HIHQX i) |+ ll@x () [, |25 @) — x () |

(A.155)

(A.156)

- ZJI]Ut (n) H

(A.157)



where

H% SN R[Xi @A () |50 [we () — ]

t=1 7=0

1],

% i ivec [AT (n)’ vt [’u,t () — Ut]thfr]

t=17=0

_ H% i iAT () S [ue (n) — ] X/_, (A.158)
on using the inequalitf AB|| < || A]|, || B||. with || R||, = 1 by construction, and|vec|B] || = || B]|. It follows that
EH% 2:: 2o S e o) —wl|| < ié 18- (o) 1122 €| e ) = we] X7,
< LSS ez el o P} (el )
- ;Z(i Y o P R
< el o) (5 0) -0t (A159)

for some positive constadts. Moreover, we have

H% ET: Zu(n) [Su () =5 e () H <

1 — _ _
Hr X zm[E - (A160)
t=1
Similarly as in (A.158) and (A.159), one sees that
T
1 S _ _
H;Zzz (n) [Eu () 172,}] [us (1) — we] || = O (T%/2). (A.161)
t=1
Manipulating as in (A.158), we also show that
liz DI/ I Y < 1y OOA "L ()T -2 e X
DDA PRGBSl 17 I = ) S S ) A C) R [ e
t=1 t=1 7=0
B o _ oo 1 T ,
< Bt -3t {Zum (n)HHqutXt_T } (A.162)
=0 t=1
where
o] 1 T o] 1 T ,
{18 @l 7 Zwexia| } = S - oo | wexi | (A163)
7=0 t=1 7=0 t=1
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By the VARMA structure ofy;, one can see that

1 — / _ C12) o 1 — / _ —1/2
HT;utXt_T = 0,(177?), ;HAT (n) ||HT;utXt_T = 0,(T77). (A.164)
Therefore, using Propositich1,
1 — o _ _
H? Szt [Su @) - 52w = 0, (17). (A.165)
t=1
then
T
1 e _ B _
Hf AC) [Eu - zul]ut (n) H = op(T 3/2) +op(T 1) - o,,(T 1). (A.166)
t=1
Finally, one shows that
1 — 5
Hf > 128 n) = Ze () [ S () e (n) H <oz @] + |z @ || (A.167)
t=1

where

QY () = = 37128 (n) = Ze ()] ()" e () — ], 9% () = % > 128 @) = Ze () ]S (7).

= = (A.168)
More especially,
19z @) || <1z @) ||+ 197 @) || + (|97 @ || (A.169)
where
QF (@) = % SO TR[Xie s @ Ar () 50 ()" [ue () — ue, (A.170)
QF (M) = % DR [{XH () = Xi—r } @ Ar (n) ] S (7)™ [ue (1) — ], (A.171)
) = 5SS R [(Xer ()~ Xer )} 0 A ) [Bu )7 [ () — ], (AT72)
with X, (n) = [1, Vi (), Yim1s - Yimpr Utm1 (M) 5+ ui—p (M) ]/ andv; (n) = y+ — ue (n). Likewise, one can show
that
1o} @) || < | @ H{% SN A |l [ue ) = we] X7 } (A173)

t=1 7=t
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R

e (5 3 I o0 -l ) = 33 o e o ) -
SR v ol T C AR R P S
= 2 (S ) (e oY
< S (S ){Eum utnz}”{EuxtuQ}“

(A.175)

(A.177)

(A.178)

(A.179)

Hence
128 @) || = 0, (T7").
Further
ez | < ' % SO A ) S (@) [ue () — ] [Xoor () = X'
< J=o | {18 0 ut|u|xt-7<n>—xt-7u}
1 ~ 12 L 1/2
S u ) — Ut( )7’[14 AT( ) Xt T Xt T A176)
H{T;H o -ul(SIaolF) (X )k
where
1o () = X< leut j=r () = w—jr ||,
with
Eljues=r () = wemserll < Z 10 @) [[|@ @) [EYi s @) [ = 0 (o7777).
Hence
[Xer () = Xeee | = 0, (2*077) . ZHXt - (1) = Xe—s [ = 0y (™),
then

128 @) | = 0, (T7").
We also show that

T t—1

9 @1 < |73 A 0 S ) fur () - ] [ ) = Xer ()|
o 1 X et ~
< s {3 (S0 0 e o) = e ) - i

53

(A.180)

() ||> } (A.181)



where

1% 3

with

lwes—r () —wi—jr (n

using (A.120). Hence

since||us () — w|| = O, ('), then
|92 (7)

In addition, one sees that

9% (7)
where
1 T oo
21 /1~
Qz (1) = T;;
T t—
07 (@) =
t=
1 T
23 /1~
Qz () = fz

Likewise, we show that

Xt'r

QZ ()

1 T
22k
t=1

I <oz

where, by independence betwegnand X,

E{% DO A ) | X H}

t=1 7=t

then

IN
Nl =
(]

AGIPAGS

) || + 1197

54

) || + 1197

H =0p (T_3/2)

[ue () — wi]

@) ||

)|? —leut jor (@) =g () ||,

)| = e @) = ue () || = 0, (T71/2),

o) [ {Eexi 7}
- o) Bl B X2}
At ) (el e} =

O(T‘1>,

(A.182)

(A.183)

(A.184)

(A.185)

(A.186)

(A.187)

(A.188)

(A.189)

(A.190)

(A.191)

(A.192)



As for (A.171), using (A.179), we show that

T t—1
197 @) || < H% SUSTA ) Su (@) e [Xeer () — Xoor)
t=1 7=0
L 1 T t—1
< | D IMUIREURE ST
» 1 & t—1 1/2 ,t—1 1/2 )
< Gl (S o) (E 1t -5l = 00(5).
(A.193)
Hence
' 1 Tt ~ )
[ @I < 73 A 0 S ) X ) - Xier ()]
t=17=0
1 T—1 T B
= 3 3 o E X @ - X )
T7=0t=7+1
R T—1 1
S ORI LS <n>lle Y wlXer (1) = Xeer ()] } (A194)
=0 t=7+1
where
1 & 12 Py & 2
17 X wlte - X )| =X |5 X wlus @) @)
t=7+1 j=0 t=7+1
with
1 T 1 T t—7—1 B
3 3wl -we ]| = |5 XX oo s - 26 A o]
t=7+1 t=7+1 v=0
1 T—7-1 T
- 3 X e peram-ew s m]|
v=0 t=74+1+4v
T—7—1 1 T
< Sz 3w |l|e ey A @) - k) |(A.196)
v=0 t=7+14+v
where, by independence betweenandY;*,
Hl i wY®, =0 (T*W) (A.197)
Tt:7'+1+'u o !
Further, using Theorer®.3and Lemmat.1, we have
T—7—1 5 —T— B
> e@aam-ewam| < Z {H@ ) [[I140 @ = a0 ) |+ |8 @) - @ @) ||[1A (n)H}
v=0 =0
- ( 1/2) (A.198)
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H% T g [r—r (7) = wr—r (n)]/ = Hl i e [ (7) — e
t=T+1 e
H % til " [Xt_T (7)) = Xe—r (1) ]/
then
9% () || = 05 (77)
Hence
I 0= [ .25 2 o= 201 )
H% Z: (2 (,m) — Ze () |2 ()" we (n) H _
and finally

Similarly, we see that

where

Qx (7)

Q% (7)

O (7)

Q (1)

|9x ) = 9% @) || < IRI{ 2% @) | + 9% @ || + (19 G [| + 2% @) ||}

Rvee| 1. ij_ (A ()= A )] S )™ e ) = ] [Xeer () — o] |
Rlvec| 7 Xsz A () = A7 )] S ) [ ) = ] e

Rivec % Z;Z_j [Ar () = Ar () ]S (i) e [Xemr (i) — XH]’]

Rivec| S (A () = A ()] (1) weXes }

‘
Il
=
N
Il
<)

Using the same arguments as before, one sees that

2% (@) ||

IA

IN

1 T t—1
722
t=1 7=0

+ue (7)) = we ||| Xe—r (@) = Xe—r () || + [Jue () = we () ||| Xe=r (0) = Xe—r ||

e () el Xir ()~ Xecr

Op(T™*) + 0p(T72) + 0, (T %) + 0, (T*/?)
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SSOS T [A @) = Ar ()] S ()7 [ue () — ] [Xoer (i) = Xer])'

_ 017(7173/2)7

(A.199)

(A.200)

(A.201)

(A.202)

(A.203)

(A.204)

(A.205)

. (A.206)

(A.207)

(A.208)

(A.209)

S ) - 6 = A ) e () = () - ) = Xeer

(A.210)



9@ < 730X (A = A )] B ) e )~ ] e |

< 7T [8e 18- )= At 1 e ) = ) e+ ) = e

= Op(T N +0,(T7%?) =0,(T7"), (A.211)
9% @) | < %Zi [Ar (7) = Ar ()] S0 (@) ue [Xeer (7) — Xier]’

t=1 =0

< 7 XX [8e 18 )= At | el e ) = o )+ e ) - Yo

= O0,(T7")+0,(T7?) = 0,(T7"), (A.212)

lok @ < ‘%Zi[mw-mm)]zu(m wXi_,

< zu(n)—lu{ZHA HH utXt, ‘} 0,(T7Y),  (A213)

hence

HQX (7) — Q% () H =0,(T7). (A.214)
In particular, one can see that

|9x @) || < |05 @) || + |2 ) = 0% (@) | < |Jax @) || + |95 @) — 2 () |+ 2 ) 0% @) | (A225)

Again, using the same arguments as before, it can be shown that

|95 @) — 2x () || = 0n (7" @ || = 0p(T772), [l = nl| = 05 (777 (A.216)

PROOF OF PROPOSITION 4.3 Recall that

5 () || + llox () |, 2% ) — 2 () |

[sx@-sem] < me{|axm-exw],

| @x ) - @ @ || |9 @) || + | @5 @ ]| [|x ) - 95 ) H}. (A217)
Then it follows, by Propositiod.2and Theorend.1, that
HSX (@) — Sx (1) H = 0,(T7?). (A.218)
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PROOF OF THEOREM 4.2 By the central limit theorem for stationary processes [see Ander€i(Bection 7.7),

Scott (1973, Theorem 2) and Chung (2001, Theorem 9.1.5)] addrithe assumption of independence betwgeand

Z (n), we have
Tx () =5 N[0, Qx (). (A.219)

Then, by Propositiod.3 we get

T2 (i~ n) = 8x (i)~ N[0, Qx () ]. (A.220)
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