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Abstract:

A new test is proposed for the null of absence of serial correlation. The test uses a data-
driven smoothing parameter. The resulting test statistic has a standard limit distribution
under the null. The smoothing parameter is calibrated to achieve rate-optimality against
several classes of alternatives. The test can detect alternatives with many small
correlation coefficients that can go to zero with an optimal adaptive rate which is faster
than the parametric rate. The adaptive rate-optimality against smooth alternatives of the
new test is established as well. The test can also detect ARMA and local Pitman
alternatives converging to the null with a rate close or equal to the parametric one. A
simulation experiment and an application to monthly financial square returns illustrate
the usefulness of the proposed approach.

Keywords: Absence of serial correlation, Data-driven nonparametric tests, Adaptive
rate-optimality, Small alternatives, Time series

JEL Classification: C12, C32



1. INTRODUCTION

Testing for absence of correlation is important in many econometric contexts. Ignoring autocorrelation
of the residuals in a linear regression model can lead to erroneous confidence intervals or tests. Correlation
of residuals from an ARMA model or of the square residuals from an ARCH model can indicate an improper
choice of the order. In macroeconomics, dynamic stochastic general equilibrium models impose non correla-
tion restrictions as noted in Durlauf (1991). In finance, the presence of autocorrelation can indicate a failure
of an efficiency condition or rational expectation hypothesis.

The earliest tests for absence of serial correlation were based on confidence intervals for individual
autocorrelation coefficients as described in Brockwell and Davies (2006), Chatfield (1989), Fan and Yao
(2005) and Liitkepohl and Krétzig (2004). Tests of no correlation can be based on the percentage of sample
autocorrelation coefficients outside these individual confidence bounds. A joint confidence interval, based
for instance on the null limit distribution of the maximal sample autocorrelation, can also be used. A
second approach was established by Grenander and Rosenblatt (1952) and Bartlett (1954) who extended
the goodness-of-fit tests such as Kolmogorov and Cramér-von Mises tests to testing for absence of serial
correlation. Goodness-of-fit type tests for autocorrelation proposed by Durlauf (1991) and Anderson (1993)
can detect Pitman local alternatives converging to the null with the parametric rate n='/2, where n is the
sample size.

A third approach, initiated by Box and Pierce (1970), builds on a nonparametric method where a
smoothing parameter needs to be selected. Hong (1996) has proposed a test for serial autocorrelation and
Paparoditis (2000) has put forward a specification test based on the spectral density function. These authors
consider smooth alternatives in which the spectral density of the processes has bounded derivatives up to a
given order. While Hong and Paparoditis have examined power of the test against fixed or local alternatives
only, Ermakov (1994) has used a minimax approach to propose a test which is optimal in rate and in power
against all alternatives of a given smoothness. The construction of the smoothed nonparametric tests of
Ermakov (1994) and Hong (1996) uses the knowledge of the smoothness of the alternative, a characteristic
which is generally not available to practitioners. This is a considerable limitation for practical applications
of the smoothed nonparametric tests. As discussed in Section 4.1 below, existing plug-in bandwidth choices
do not address this limitation in a satisfactory way.

The need to address the lack of knowledge of smoothness has spurred the development of adaptive
methodology, leading to fully data-driven optimal tests. Fan (1996), Spokoiny (1996) and Horowitz and
Spokoiny (2001) have studied adaptive tests based on some maximum statistics in the context of coefficient
model, continuous time white noise model and parametric regression specification testing, respectively. Fan
(1996) has noted that the asymptotic critical values of maximum tests do not perform well in practice and
intensive bootstrap procedures must be used, see for example Horowitz and Spokoiny (2001). This contrasts
with the simple data-driven smoothing parameter used by Guay and Guerre (2006) for dynamic model
specification testing based on a penalized test statistic. The test proposed by Guay and Guerre (2006)
uses standard chi-square critical values and does not resort to simulation procedures that can be difficult to

implement in the time series context.



Adaptive methodology for serial correlation testing has been slower to develop. Fan and Yao (2005)
outline, but do not analyze, an adaptive test for serial correlation which is based on the maximum of a
set of Box-Pierce statistics. In our paper we set out to propose a data-driven test for absence of serial
autocorrelation. In order to avoid pitfalls of the maximum tests mentioned above, we base the test on a
penalized test statistic in the spirit of Guay and Guerre (2006). Our first contribution is to show that standard
critical values such as chi-square or normal can be employed. This theoretical finding is corroborated by a
simulation study which shows that the level of the proposed test is close to its nominal size.

A second important contribution of the paper is to show that the knowledge of smoothness of the
alternatives is not required and that the test is adaptive rate-optimal in the sense that it detects alternatives
of unknown smoothness converging to the null at the fastest possible rate. We also consider a related class of
ARMA-type alternatives with exponentially decreasing autocorrelation coefficients where the rate of decrease
is unknown, and demonstrate that the test is consistent against alternatives of this class which converge to

—1/2

the null with a rate close to n . The test can moreover detect Pitman local alternatives which converge

to the null with a rate close or equal to the parametric n='/2.

A vast majority of the adaptive literature has been concerned with smooth alternatives. However, when
looking at a plot of sample autocorrelation function, it is not easy for a practitioner to decide whether it is
appropriate to describe the correlation function as smooth. A third contribution of the paper is therefore the
introduction of a new class of alternatives that are not characterized by an abstract smoothness condition.
On practical grounds, what matters when testing for no correlation is the proportion of large autocorrelation
coefficients. This consideration is at the core of the notion of sparse alternatives investigated by Ingster
(1997) and Donoho and Jin (2004) in a Gaussian white noise model. A transposition of such alternatives to
our context would induce us to introduce autocorrelation functions where among the first P, lags, a number
N, of autocorrelation coeflicients is equal to p,, or —p,, for some given P,, N,, and p,,. We develop a more
general class of alternatives where N,, is the number of autocorrelation coefficients larger than p,,. In our
framework, the sequences P, and p,, are not given a priori as in Ingster (1997) and Donoho and Jin (2004).
We propose a definition of adaptive rate-optimality of the test against a class that is described by a relation
among P,, p,, and N,, and develop a relevant theory to show that our test is adaptive rate-optimal against
this class of alternatives.

An interesting finding is that alternatives with a high enough number of autocorrelation coefficients
larger than p,, can be detected by the new test even when p, converges to zero at a rate faster than the

1/2.

parametric rate n~— The ability to detect autocorrelations that converge to zero uniformly at a rate

faster than n~1/2

contrasts with many statistical frameworks and we refer to such fast-shrinking alternatives
as “small”. The paper gives an example of small alternatives that consist of high-order moving average
processes with moving average coefficients of order o (nil/ 2). It is shown theoretically and through a
simulation experiment that the Cramér-von Mises test has no power against such small moving average
alternatives. This illustrates the potential benefits of using our data-driven nonparametric test. Examples
of empirical time series where autocorrelation is detected by our test but not by the Cramér-von Mises test

are considered in the application section.



The paper is organized as follows. Section 2 introduces the new adaptive test and states the assumptions.
Section 3 states the main results which address the level of the new test, its consistency, adaptive rate-
optimality against small and smooth alternatives as well as detection of ARMA-type and local Pitman
alternatives. Section 4 reports the results of the simulation experiments and Section 5 applies the test to
monthly squared financial returns. Section 6 summarizes the paper and mentions some potential applications

of our methodology to other econometric testing problems. The proofs are gathered in two appendices.
2. CONSTRUCTION OF THE TEST AND MAIN ASSUMPTIONS

2.1. Construction of the test. Consider a parametric model

(21) m(Xt,Xt,l,...,Xt,p;Q) = Ut

and observations X;, t = 1,...,n. The scalar error term u; has zero mean and finite variance and is unob-
servable when 6 is unknown. We are interested in testing that u; is uncorrelated. For example, in AR(p)
model

Xe=00+0:Xe 1+ +0,X;p + uy,

correlated u; indicates a choice of too small order p. Another model of interest is the ARCH (p) model

X2
(22) 0-7% -1 = Ut, U% :0()+01Xt271+"'+0pX1€27p7

where wu; is uncorrelated if an appropriate order p is chosen. For many models, consistent estimators [l
are available and u; can be estimated by residuals u; = ut(a) In some cases u; is directly observed. For
instance, in finance, returns are directly observed, u; = X; — X;_1, or observed up to a mean parameter,
up = Xy — Xy—1 — 0 where § = E[X; — X;_4].

Suppose {u;} is a stationary process with zero mean and covariance function R; = Cov(us, tsy;). The

null and alternative hypotheses are

Ho:R; =0 for all j # 0,

(2.3)
Hi:R; #0 for some j # 0.

A natural estimator of the covariance is
n—|3|

~ 1 P .
Rj = > Ay, j=0,£1,...,+£(n—1).
t=1

Let K be a kernel and p a smoothing parameter. Hong (1996) has based his test of no correlation on the

test statistic
n—1 .
~ j o~
(2.4) Sp=n) K* <) R3.

Large values of §p indicate evidence against the null. When K is the uniform kernel, K (¢) = I(¢ € [0, 1]), §p

is the Box-Pierce statistic

P
(2.5) BP,=n)_ R}



Box and Pierce (1970) have shown that when the errors are independent and observed, 4; = u;, a normalized
statistic ETDP / ITZ% is asymptotically chi-square distributed with p degrees of freedom, whereas for residuals
obtained from a well-specified ARMA(s,q) model with independent innovations the limit distribution of
E\Pp / E% is chi-square with degrees of freedom p — s — q. For uncorrelated but dependent and possibly
estimated {u.}, Francq, Roy and Zakoian (2005) show that the null limit distribution of Eﬁp / E% is a mixture
of chi-square distributions. Romano and Thombs (1996) consider bootstrap procedures for uncorrelated but
dependent {u;}.

When the kernel K is non-uniform, it is convenient to define
n—1 ] ] n—1 ] 2 ]
E(p) = 1-%) K? () and  V?2(p) =2 (1 - ) K* ()
=3 (1-2)m2 (2 =23 (1-1) & (

which are approximations of the mean and variance of §p / ﬁ% when errors u; are independent. The no-
correlation test of Hong (1996) is based on the studentized statistic
§p/ }A%(QJ — E(p)
Vip)
As shown by Hong (1996), the statistic (2.6) is asymptotically normal for ARMA models with independent

(2.6)

identically distributed errors {u;} when p = p,, diverges with the sample size. We note that for moderate
p, the quadratic nature of the statistic (2.6) suggests that chi-square or gamma approximation can be more
accurate.

In practice, an important issue is the choice of an appropriate smoothing parameter p. We consider a
data-driven smoothing parameter p that can take values in a set P. We assume that the set P is finite and

has a dyadic structure
P = {Q,Bx 2,..,p X 2¢ :ﬁ},

where @ + 1 is the cardinality of P. Since p < n — 1, set P has at most O (Inn) elements. The structure
of P is similar to the structure of the set of bandwidth values considered by Horowitz and Spokoiny (2001).
The minimal value of the smoothing parameter, p = p,,is chosen by the practitioner and can be bounded
or can grow with n.! A test based on (2.6) for p = p would reject the null if §B/}A%3 — E(p) > V(p)zn(a),

where z,(«) satisfies

5
(2.7 lim P (ﬁz — E(p) > V(p)zn(a)> =« under Hj.
n—oo O - -

The preceding two paragraphs suggest many correct choices of the critical value z, () under various kernels
K and parametric models generating the residuals 4.
Our aim is to find a data-driven smoothing parameter p such that the test based on §p improves on

the test based on :S’;, in terms of power. Consider the following approximations of the mean and variance of

LA recommendation based on Theorems 4,5 and 6 below would be to choose p as small as possible with p growing at most
with the order Inn. In practice, choosing p = 1 may give simpler null limit distributions for uncorrelated but dependent {u¢}.

The test using p = 1 corresponds to the optimal likelihood ratio test of p = 0 for the Gaussian AR(1) model us = pu¢—1 + &¢.



t

(§p - AE) / ﬁ% when the errors u; are independent:

E(pp) =E@) - E@p  ad tﬂmm=2§jﬁ—iY(K%ﬁ)—w(gD%

We propose to select p as the smallest maximizer of a penalized statistic,
CON % _ B() -2,V ip.0) 2 B -1,V
. =argmax | =- — — 5 =argmax | ——— — ; — , ,

p g e R(% p) =7V PP g B Rg b,p) =TV PP
where 7,, > 0 is a penalty sequence which grows with n. The rationale behind such selection procedure
is as follows. Under the null, the level of the test based on §£ is expected to be very close to its nominal
size. Hence the selection mechanism (2.8) is constructed in such a way that p is asymptotically equal to p
under the null. But using the first p correlation coefficients may be insufficient to detect some alternatives,
in particular when p is small. Since (§p - :S’\B)/R% — E(p,p) =7,V (p,p) = 0 when p = p, the expression on
the right of (2.8) shows that p differs from p when there is p € P\ {p} such that

(2.9) (Sp — Sp)/R2 — E(p,p) >,V (p,p).

Inequality (2.9) can be interpreted as statistical evidence that there are nonzero correlation coefficients
among lags p + 1,...,p. Hence the test statistic §p should be preferred to §p for any value of p for which
inequality (2.9) is satisfied. The procedure (2.8) selects the p € P for which the difference between left- and
right-hand sides in (2.9) is largest, ensuring that the test statistic will diverge under the alternative.

Under the null hypothesis of no correlation, the standardized values of §p and §p should not be statis-
tically different and the inequality (2.9) should not hold for any p provided ~,, is la;ge enough. It is then
expected that §§ = §p, so that these two statistics should have asymptotically the same behavior. The
rejection region of the :iata—driven test is therefore
(2.10) 7; — E(p) = V(p)zn(a),

Rg
where the critical value z,(a) satisfies condition (2.7).> The test (2.10) based on the optimized choice
p = p gains in power compared to the test based on the choice p = p. This can be seen from the following
discussion. Suppose that K > 0 is nonincreasing on [0, 4+00) so that E(p), V(p), E(p,p) and V(p,p) are

increasing functions of p. Definition (2.8) of p implies that

1%% T R (%% ~E(p) - vnV(p,p)> + E(p) + 7,V (5. p)
> ;{é — E(p) =7,V (p,p) + E(P) + 7,V (P, p) for all p € P.
Since E(p) > E(p) and V(p,p) > 0,
(2.11) ];g — E(p) —V(p)zn(a) > I%é — E(p) =7,V (p,p) = V(p)zn(a) for all p € P.

2An alternative studentization, (55/§3—E(ﬁ)) /V(p), would use the data-driven p. However, simulation experi-
ments of Guerre and Lavergne (2005) suggest that this studentization would give a test as powerful as the test using

maxpcp (gp/ﬁg — E(p)) /V (p) proposed by Fan and Yao (2005) but less powerful than the test described by (2.10).
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This gives the following lower bound for power of test (2.10):

(212) P (LE’Z —E(p) > V(p)zn(a)> > P (kﬁ]; = E(p) > V(p)zn(a) + %LV(p,p)> for all p € P.
RO RO

Since the penalization term +,,V'(p,p) vanishes for p = p, it follows in particular that

/\A §p
(2.13) P (% - E(p) = V(p)zn(a)> >P <A2 - E(p) = V(p)zn(a)> .
Rg R§

Hence in terms of power, the test (2.10) improves on the test based on the statistic §p which uses the smallest
smoothing parameter p. More generally, bound (2.12) indicates that up to a potent;al loss of power induced
by the term v,V (p,p), the test based on rejection region (2.10) is as powerful as the test based on the
rejection region S’;/ﬁg —E(p) > V(p)2zn(a) for any p € P. This is an indication that the selection procedure
(2.8) is adaptive. Since the power bound (2.12) improves with decreasing =,,, the penalty term should be

chosen as small as possible in order to maximize power.

2.2. Notation and main assumptions. In what follows, #A is the cardinality of the set A and Cy,...,C5
are positive constants. For two sequences {a,} and {b,}, a,, < b,, means that {a,} and {b,} have the same
order in the sense that there is a 0 < C' < oo such that |a,| /C < |b,| < C|ay]| for all n. When studying the
performance of the test under the alternative, we consider a sequence {u¢,, } = {usn,t € N} cn Of stationary

alternatives with autocovariance coefficients {R; ,j € N} Our main assumptions are given below.

neN’

Assumption K. The kernel function K (-) from RT to (0,00) is nonincreasing, bounded away from 0 on

[0,1] and continuous over its compact support which is a subset of [0,3/2].

Assumption P. Condition (2.7) holds. The penalty sequence v, satisfies v,, > 0, v,, — 0o and 7, = o(n)
as n — 00. The smoothing parameters set P is dyadic, P = {B’ 2Xp,..., 29 x B}, with the largest element
D= QQE and #P = Q + 1. The smallest element p may depend on n and p = o(p). For some s > 5/4 and

€ > 0, the maximal element p tends to infinity and

(n/y,) T/ D < 5 = o(n1/3) -

Assumption R. The sequence of alternatives {u,,} has zero mean, it is eighth order stationary with 1/Cy <

Ro.n < Cy and it has absolutely summable cumulants Cum (utl,n, e 7th,n) = kn(t1,...,tq) satisfying
+o00o
ST Ik (0ta, .. tg)| < CLRY, g=2,...,8.
ta,...lg=—00

Assumption M. The model (2.1), the estimator 0 and the sequence of alternatives {u;,,} satisfy the fol-

lowing conditions:

(i) There is a sequence {0,,} in RP such that \/n(0 — 6,) = Op(1).



(ii) The residuals Gy = uy (@) admit a second order expansion
Uy =t + (0 = 02) ugs) + 16— 0 Puf?)

2
where {u p, ugli,ufg} is a stationary process with EI/QHUE}QL”Q < Cy, B2 ’ui?‘ < C5 and

oo
> |B [usnu®]| < o, k=12,
j=—00
1 ’ C
(1) (1) 5
supE || — (u,'mun—Eu,mun) < —
ez n; t—j,m U, [tj t,] n

Assumption K is weak. In particular, as is typical of the minimax approach adopted, for example, by
Ingster (1993), it does not impose any conditions on the moments of the kernel. The compact sets [0, 1]
and [0,3/2] of Assumption K are somehow arbitrary and can be replaced by intervals [0,a] and [0, b] with
0 < a < b< oo Fora definition of cumulants in Assumption R, see for example Brillinger (2001, p. 19).
In the Gaussian case, the cumulant summability condition is automatically satisfied for ¢ > 3 since these

cumulants are 0. When ¢ = 2, the cumulant summability condition requires that

(2.14) >

so that long range dependence is ruled out. A sequence of independent variables {u;} satisfies Assumption

R provided E[u] = 0, Var(u;) = 0? > 0 and sup, E [uf] < oco. Assumption M(i) is standard and can
be verified using regularity assumptions on the parametric model. Assumption M(ii) can be easily checked

under suitable mixing conditions. Assumption M becomes vacuous if {u;} is directly observed.

3. MAIN RESULTS

An important issue in the construction of the test (2.10) is the choice of the penalty sequence. The
discussion of the construction of the test in Section 2 has revealed that choosing 7, large enough guarantees
that under the null, the distribution of the test statistic (gﬁ/ Eg —FE (B)) /V (p) is standard and chi-square
or normal critical values can be employed. On the other hand, power considerations based on bound (2.12)
lead to a small v, penalty recommendation. The trade-off of the size and power concerns is analyzed in
Sections 3.1, 3.3 and 3.4. It transpires in Section 3.1 that the lower bound for penalty «,, for which a test
of the desired level is obtained is of rate (21nln n)1/2. It is then shown in Sections 3.3 and 3.4 that this rate
is low enough to ensure that our test is adaptive rate-optimal under both small and smooth alternatives.
Section 3.2 gives a general consistency result that holds under weaker conditions than the rate-consistency
results. Sections 3.5 and 3.6 examine the performance of the test against ARMA-type and Pitman local

alternatives.

3.1. Asymptotic level of the test. The following theorem gives a lower bound for 7,, which ensures that

the test is asymptotically of level o under independence.
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Theorem 1. Let Assumptions K and P hold. Assume that {u:} is independently distributed and satisfies
Assumptions M and R. If the penalty sequence {v,,n > 1} satisfies

(3.1) Y > (anlnn)l/2 +e€ for some e >0,

then

lim ]P’(;Bzg)zl

n—oo

and the test (2.10) is asymptotically of level .

The discussion following Proposition 1 in Section 3.3 shows that choosing v,, = o ((2 InIn n)l/z) gives a test
with a degenerate asymptotic level equal to one and therefore that one cannot improve on (3.1) in terms

/2

of rate. A conjecture is that the order (2Inln n)l cannot be improved in constant either. A heuristic

argument is as follows. Since E(p,p) =0 and V(p,p) = 0, the definition (2.8) of p gives

N (S — Sp)/ B3 — E(p,p)
(3.2) Pl =F (pergz\i?p} ( V(p,p) ) 2 7”) '

To simplify the discussion, assume that the kernel is uniform so that §p is the Box-Pierce statistic (2.5) and

§p — §B = nZ?ZE 11 ﬁjz For 1 < j < p, variables nﬁ? / ﬁ% are asymptotically independent and identically

distributed and {S\p - §p, pE ’P} behaves asymptotically like a partial sum process. Since p = p29 for

g=1,..,Q and V2(p,g) =2p (1 + o(1)) for large p, a candidate Gaussian approximation of the statistics in
(3.2) is

S, —S,)/R2 — E(p, W (p21 q
(3.3) {( ‘)//(pp) (pp),peP\{p}}é{pl/gl;q/z,q:h..,@}i{m;q(/i)ﬂ=l,...,cg},

where W is a Brownian motion process on [0, 00). The discrete-time Gaussian Markov process W (29)/2%/2

is a stationary AR(1) process with autoregression coefficient 1/2'/2 because

w ) W(2)
2q/2 7 94'/2

_a=d’|
2

Cov =9

Hence, since @ < Inn, it follows from a theorem of Berman (1962, p. 96) that

(3.4) max (W2(/2)) = (2InQ)"? + 0p(1) = (2InInn)"/? + op(1).

Therefore (3.1) implies that lim, .o P (p = p) = 1. The bound (3.4) together with (3.2) and (3.3) suggest
that lim,, . P (ﬁ: B) =0ifvy, < ((2—¢) lnlnn)l/2 for some € in (0,2). Hence lim, o, P (ﬁ: B) =1
should imply v,, > (2Inln n)l/Q. The order (3.4) also shows that the bound

(3.5) Y > (2In Q)1/2 +e for some € > 0,

may work better than (3.1) in small samples.



3.2. Consistency. In this section we give a general consistency result for alternatives with a maximal
correlation coefficient bounded away from zero. The subsequent sections then examine rate consistency and

adaptive rate-optimality against several specific classes of alternatives.

Theorem 2. Let Assumptions K and P hold. Assume that -y, = 0(51/2). Consider a sequence of alternatives
{ug,n} satisfying Assumption M with

2n R2
O < Ron=0(), 3 g = olm)
j=1 0,n
and with fourth order cumulant k., satisfying
Sk (0t ts.ta)| = O(1)
to,ts,ta=1

Then if maxi<j<p |Rjn/Ron| > p >0, the test is consistent.

Theorem 2 does not employ Assumption R and admits processes with long range dependence, including
fractional Gaussian processes {(1 — L)_d 5t} of order d < 1/2.
When testing for no autocorrelation, there are alternatives against which no test is consistent. Consider

a sequence of moving average processes

(36) Utn = E¢t — wgtfna ¢ 7& 07

where ¢; is independent identically distributed with mean zero and variance o2. The sample {u1, s ooy Un o
consists of independent variables and no test will detect correlation. In the terminology of Ingster (1993), Hy
and H; in (2.3) are indistinguishable or, according to Potscher (2002), testing Hy against H; is an ill-posed
problem. Condition maxi<;<p|Rjn/Ron| > p > 0 of Theorem 2 precludes ill-posed problems by limiting
the set of admissible alternatives. However, this condition is not overly restrictive. Since p tends to infinity,
Theorem 2 shows that our test is consistent against sequence of alternatives in a growing set Hi ,, (p) which

asymptotically contains all the alternatives such that max;>1|R;/Ro| > p > 0.

3.3. Small alternatives. Under stronger assumptions, it is possible to improve on Theorem 2 and to
consider alternatives converging to the null such that max;>1 |R;jn/Ron| > p,, for some p, — 0. Given such
a choice of p,,, correlation coefficients larger than p, can be viewed as large. As discussed in Section 3.2
and in the introduction, alternatives that can be detected must have enough large correlation coefficients at

small enough lags, say j < P,. To quantify the number of large correlation coefficients, we define

(37) Nn = Nn ({ut,n} ) Pn7pn) = # {|Rj7n/ROan

Correlation coefficients smaller than p,, can be seen as negligible and the proportion N,,/ P, can be interpreted
as an indicator of sparsity. The following theorem states a condition on P, and p, which guarantees
consistency of the test. The condition requires that there exist a suitable pair (P, p,,) satisfying a sparsity
restriction. The testing procedure influences the smallest possible rate p,, compatible with detection through

the penalty sequence 7, and a constant 7* that depends on the kernel K and the set P.
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Theorem 3. Let Assumptions K and P hold. Consider a sequence of alternatives {us »} satisfying Assump-
tions M and R. The test (2.10) is consistent against the sequence of alternatives {ugn} if there exists some

pn >0 and P, € [p,p] such that for n large enough,

. 12\ 1/2
T Yo Pn

where T* does not depend on the alternative {u;,}.

The consistency condition (3.8) allows for alternatives where p,, and P, can be chosen such that

1/2
1 [y, P
(3.9) Pn =173 < N, .

Of special interest is the case where lim,,_, 'ynPﬁﬂ/Nn = 0 since (3.9) shows that the test can detect small

alternatives, that is alternatives with correlation coefficients converging to the null at a rate that is faster

1/2 The condition lim,,_, o vnP}/ 2 /N, = 0 requires that the number NV, of large

than the parametric rate n™
correlation coefficients |R;,/Ron|, 1 < j < P,, diverges faster than ’ynPﬁ/ ®. This allows for “saturated”
alternatives with N,, = P,, and lim,,_, Pé/ 2 /7, = oo but also for sparse alternatives with N, /P, = o (1)
provided that the sparsity indicator N,, /P, does not go to 0 too fast, satisfying limnaoo(Nn/Pn)(Pﬁ/Q/'yn) =
00.?

Let us now investigate the adaptive optimality of the rate p,, in (3.8). Observe that the smaller the 7*
the better the consistency rate. Though for our test procedure the 7* is fixed once the kernel and the set P
are chosen, one might ask whether there exist better tests that would detect alternatives satisfying a bound
like (3.8) but with a 7* which converges to zero when the sample size increases. The following proposition
gives a negative answer to this question when ,, has the smallest possible order (21nln n)l/ ? for which the

test is asymptotically of level a.

Proposition 1. Let the process {u:} be observed and suppose Assumption P holds. Then for any 0 <
€ < 1 there exists a sequence of alternatives {u, .} satisfying Assumption R that cannot be detected by any

asymptotically a-level test, o € (0,1), although there is a P,, € @, ﬁ] and a p,, — 0 so that

1/2
1—ce¢ ( (21nlnn)1/2PT1b/2 /
) )

o > Nn({utm}’apvupn)
"= opl/2 N, ({ut,n}vpnapn

lim =00

nee ((2 Inln n)1/2 Pém)

Proposition 1 implies that when =, is asymptotically proportional to (2Ilnln n)l/ 2, our test is adaptive

rate-optimal. Indeed, by Theorem 3, our test is consistent against the alternatives for which

E 1/4 _
(3.10) p, > m'n"Y? (2Inlnn) / PlAN—L/2

3This contrasts with Ingster (1997) and Donoho and Jin (2004) who only achieve the consistency rate (In n/n)/? for very
sparse alternatives where N, /P, goes to 0 with a faster rate. On the other hand, although their results are obtained in a

nonadaptive simple setup, it suggests that our test is not optimal against such very sparse alternatives.
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under the assumptions of Proposition 1. However, neither our test nor any other will detect alternatives for
which p,, > (1 —¢)n~/?(2InIn n)1/4 PYANTY? where € € (0,1). This means that when v, < (2Inln n)l/z,
the 7* in (3.10) cannot approach zero, hence the adaptive rate-optimality.

Proposition 1 further implies that there are alternatives satisfying

1/2
1 o ((2 Inln n)l/z) Pﬁ/2

>
pn — n1/2 Nn

that cannot be detected by any nondegenerate asymptotic a-level tests. Hence tests that can detect such
alternatives are asymptotically trivial and must always reject the null. Since Theorem 3 shows that choosing

Y =0 ((2 Inln n)l/ 2) would permit detection of these alternatives, the resulting test must have a degenerate

asymptotic level equal to one, implying that the rate (2Inln n)l/ % in the bound (3.1) of Theorem 1 cannot
be improved.
As an example of small alternatives that satisfy (3.9), consider the following sequence of high-order
moving average processes,
1 12 Py

2
(3.11) Ut = &+ 1/2]31/4 Z¢k5t ks nliﬂgo P, = o0,

where {¢;} is a white noise with variance 0 and v is a scaling constant. The following lemma describes the

covariance function of {ugy} in (3.11).

Lemma 1. If kail Vi = O(P,), P, = o((n/v,)*?) and lim, .o v,n~" = 0, then alternatives (3.11)
satisfy
Ron =02 (1 +0 (’ynPé/Q/n))

and, uniformly in 1 < j < P,,

Y2 N

o n 2 n

R;n 7n1/2Pé/4 Y;0° +o <n1/2p,1/4> )

A distinctive feature of alternatives (3.11) when maxi<k<p, || = O (1) is that both their moving average
and correlation coefficients approach zero uniformly faster than n~'/2 provided P, /42 tends to infinity. Let

us now check consistency of the test under the assumption that mingep p, |wk02| > 1. Our choice of p,, is

1/2

_vY_ I
(3.12) O vt

Lemma 1 states that the number of large correlations is asymptotically equal to P,, that is N,, = P, (1 + o(1)).*
The choice of p,, in (3.12) is such that

y ’anl/Z
Pn =

1/2
iz N, ) (1+0(1)),

4Condition Ny, = Py, (14 o(1)) implies that the alternatives (3.11) are saturated, that is, there are no 1y, coefficients equal
to zero . Introducing more sparsity, that is setting some coefficients to zero, would not affect Proposition 2 below provided

limn 0o ((ln lnn)l/2 1/Q/Nn> = oo. Corresponding alternatives (3.11) would have only N, nonzero 1, coeffficients and a

normalization factor 172 1/4/(7’LNn)1/2 instead of 71/2/(711/2137{/4).
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so that (3.8) holds provided v > 27* and Theorem 3 shows that the test is consistent ifg <P, <p

Consistency of our test against alternatives (3.11) contrasts with the performance of other testing
procedures. Due to the small o (n_l/ 2) order of the moving average and correlation coefficients, standard
confidence interval procedures will fail to detect serial correlation. The next proposition implies that the
Cramér-von Mises (CvM) test of Durlauf (1991) is also not consistent against the alternatives satisfying
(3.11). The CvM test is based on the following statistic:

n n—1 ]’%2
TS IR
Proposition 2. Let {u:} be observed. Consider alternative (3.11) with independent Gaussian e with mean
zero and variance o*. Assume Zf;l Vi = O(Py,), maxi<g<p, [, = O(1), minj<j<p, |ro?| > 1 and

v > 0. Assume that v,, — oo with, for some C > 0 and € > 0 small enough,

2/3
Y < Clon and 7711/2+6/C§Pn§6’( 2n ) .
v21lnn

Then the test statistic (3.13) has the same limit distribution under the alternative and under the null of

independence, and the CvM test is not consistent.

The small alternatives considered here also illustrate the difference between rates for estimation and testing.
While the best possible rate for estimation of the moving average or correlation coefficients is the parametric

1/2

rate n” "/, our test can detect coefficients that tends to zero at a faster rate than the parametric rate.

3.4. Smooth alternatives. This section considers alternatives with a smooth spectral density. For an
integer number s, let 5(L,S) be the class of zero-mean stationary processes whose normalized spectral

density function fy (-) has s derivative fés) (-) with mean-square norm smaller than 7—'/2L. Since

(=) LS Riee o "ol L™ e (Bi)
BN=g 3 g ey ma |l =13 (%) -

IN

this class of functions can be defined also for noninteger s using the summability condition Z;OT 3% (Rj/ Ry)?

L2. Restricting the class C(L, s) to processes u; satisfying Assumption R, we define

oo /R, 2

C(L,s) = < {us}: {us} satisfies Assumption R and E 4 (RJ> <IL*}, L,s>0.
. 0

Jj=1

Much attention has been paid to hypothesis testing when the number of derivatives s is known, see for
example work of Hong (1996), Paparoditis (2000) and the references therein. We focus here on the case
where the smoothness indexes L and s of the alternatives are unknown and can depend on the sample size.
In this context, Spokoiny (1996) has shown that when using Zjoil (R;/ Ry)? as a measure of the deviation
from the null, the optimal adaptive consistency rate is’

(Inln n)1/2>25/ (4s+1)

(3.14) Rp(L,s) = LY/ 4s+1) <
n

5Spokoiny (1996) considers the ideal continuous-time white noise model. The equivalence result of Golubev, Nussbaum and
Zhou (2009) shows that this rate is also adaptive optimal for directly observed Gaussian {us} with s > 1/2. This is sufficient to
show that the adaptive optimality statement of Spokoiny (1996) extends to the case where the process {u;} is directly observed.
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The following theorem shows that the test is adaptive rate-optimal when 7,, < (2Inlnn)/2.

Theorem 4. Let Assumptions K and P hold with p = O (In“n), a > 0. Assume that v, is of order
(Inln n)'/2. Let L, and s, be two sequences of positive real numbers such that for s as in Assumption P,
and for C large enough,
1/2 N\ Snti 1/2
_ Sn"l‘l ’Yn p ’Yn
(3.15) s < s, =o(lnn), and (Cp)™""* (M) <L,< (C’) (M) .
Let {uyn} be a sequence of alternatives in C(Ly, s,) satisfying Assumption M.

The test (2.10) is consistent if, for T > 0 large enough,

= RJ?TL)z 252
E —— | >7"R;(Ln, sn),
<R0n o ( )

where T does not depend on L,, and s, or on the alternative {u,}.

The main benefit of smoothness adaptation is as follows. Tests that are designed for a specific class C (L1, $1)
are in general suboptimal for smoother alternatives in C (La, s2) with so > s1. In contrast, our test achieves
the best adaptive optimal detection rates over the two classes of alternatives, achieving in particular a better
rate for the smoother alternatives.

Theorem 4 does not require L,, to be bounded away from zero and s,, to be bounded from above. This
extends existing adaptive results.® Consider for instance Pitman local alternatives converging to the null at
the rate L,, — 0,

(316) Ut,m = Et + Ln’Ut,

where {;} is a strong white noise and where E [v;] = 0, Var(e;) = Var(v¢) = 1, Cov (g4—j,v) = r; for j >0
and 0 for j < 0 with 3777, §*1% < oo for s > s, and {4, v;} is a stationary process with Cov (vs, v;—;) = ¢;.
The covariance function of the process {u; } in (3.16) is given by

(3.17) Ron=1+12, Rjn = Larj+ Lc;.

If {v:} is in C(1,s) then {us,} is in C(L;,,s) with L], = O(L,) because }; 2% < oo Ifp = 0O(1),

(3.15) holds for a smoothness parameter L,, converging to zero at the rate of (Inln n)1/4 /n'/?. In this case,

2 (Inlnn) /2 &
2
Z<RM> (14001 LZJA S
-1 =1
Since ) Ny
R2(L!.5) = (Inlnn)"?\ 7 [(nlnn)/?\ =7 _ (Inlnn)*/?
nan n n n ’

Theorem 4 shows that the test (2.10) is consistent against Pitman local alternative (3.16) provided Z 1 7’] is

large enough. Hence the test can detect Pitman alternatives converging to the null at the rate of R, (L., s) <
(Inln n)*/4 /n'/2. This rate improves on the rates derived by Hong (1996) and Paparoditis (2000).

6Spokoiny (1996), Fan (1996), Horowitz and Spokoiny (2001) and Guerre and Lavergne (2005) do not allow for s, — oo,
L, — oo or Ly, — 0. The inequality (3.15) allows for L, =< (n/’yn)71/2+67 € € (0,1/2). If p = O(1), then (3.15) allows for
Ln = (n/7n)71/2'
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3.5. Pitman alternatives. The detection rate (Inln n)1/4 /n'/? derived for local alternatives (3.17) can be
improved upon when correlation coefficients with j < p are large enough. The best rate for Pitman local
alternatives allowing for consistency is 1/0 (nl/ 2) which is the best consistency rate for the optimal Neyman-
Pearson test that compares the likelihood of the null hypothesis and of the local alternative. Theorem 5
implies that the test can achieve the rate 1/o (nl/ 2) for some Pitman alternatives provided p = O(1). The

following theorem admits long range dependence processes but restricts the memory parameter to d < 1/4.

Theorem 5. Let Assumptions K and P hold. Consider a sequence of alternatives satisfying Assumption M

and

) Rn 2 +oo ' ’ ,
1/C<Ryn<C, Y (J) =0(1) and > [8n(0, 42, 3, 4a)| = O(1).

J2,J3,Ja=—00

Then if (n/p)/? maxi<j<p [Rjn/Ron| — 00, the test (2.10) is consistent.

3.6. ARMA-type alternatives. A class of alternatives of practical interest consists of ARMA-type al-
ternatives whose correlation function decreases at an exponential rate. The following theorem addresses
detection of alternatives with a correlation function going to zero at an unknown exponential rate. The

detection rate achieved by our test is very close to the parametric rate.

Theorem 6. Let Assumptions K and P hold. Let p = o(Inn), v,, — oo and v, = o(p*/?). Consider a
sequence of alternatives {u; .} satisfying Assumptions M and R and such that, for some unknown r € (0, 1)
and L > 0,

e

1—r2 vz
— I <L — rJ or all 1 > 1.
Ron| = < )> [ Jj=>

2In(1/r

Then the test (2.10) is consistent if, for T > 0 large enough,

1/2

i(gé::)2272(1+0(1))77: W |

j=1
where T does not depend on L and r or on the alternative {up}-

Choosing a penalty sequence 7,, of order (Inln n)l/ ? that satisfies (3.1) leads to a test of asymptotic level «
with a tractable null distribution. The consistency rate of such test is (Inln n)*/4 (In n)*/4 /n!/2. Inspection
of the proof of the theorem reveals that if we chose instead a penalty v, = (2Inln p)l/ >(1+¢), we would
obtain a test with a slightly better consistency rate of (Inlnln n)1/4 (In n)1/4 /n'/2. However this test would

have a nonstandard null limit distribution and may be difficult to use in practice.

4. SIMULATION EXPERIMENTS

In this section, we investigate small sample properties of the test (2.10), hereafter GGL. We compare
the performance of our test with the performance of a data-driven test procedure based on an integrated
mean square error (IMSE) criterion (hereafter M test) and of the Cramér-von Mises (CvM) test (3.13).
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Two versions of the test (2.10) are considered. The first version uses the uniform kernel for which the test

statistics S'p in (2.4) becomes the Box-Pierce statistics (2.5). The second version uses the Parzen kernel

1 — 622 + 6|z, lz] <1/2,
(4.1) K(z) =19 2(1—|z|)3, 1/2 < |z| <1,

0 otherwise.

4.1. Benchmark tests. The critical values of the CvM are given in Anderson and Darling (1952). The
simulation experiments of Durlauf (1991) show that these critical values give a level close to the nominal
level for sample sizes as small as n = 50. To construct the M test, we follow Hong (1999) and Hong and Lee

(2005) in considering a test statistic

. Sp — E(prvse)
4.2 M=M = ZPIMSE
( ) (pIMSE) v (PIMSE)

where prysp is data-driven and where the Parzen kernel (4.1) is used in the definition of S’p.7 The M test
rejects absence of correlation if M > z, (a) where z, («) is a critical value usually given by the normal
distribution, see Hong (1996, 1999). To define prassg, observe first that

. 2 ™
Sp = ne /
w2 ).
In the formula above, fn()\; p) is a nonparametric kernel estimator of the spectral density function f(\) =
> o Rjexp(—ijA) /(2m). Following a proposal of Andrews (1991) and Newey and West (1994), Hong

j=—o0

‘ 2 >

Fup)| dn, fuhip) = L K(;) Ry exp (~ij)).

2

j=—o00

(1999) and Hong and Lee (2005) used a data-driven parameter p that asymptotically achieves the minimum

of the integrated mean squared error of fn()\; p) defined as
(1.3 1asE( o). ) =8 | [ 1Fa0sn) - )P0

For the Parzen kernel (4.1) and twice differentiable spectral density, the ideal smoothing parameter p;ysp =
argmin IMSE(f,(p), f) is asymptotically of order n'/5, prarsp = en'/5 (14 0(1)). Robinson (1991a) has
shown that

; i & (2) 2
lim n*/*IMSE(fu(sp), f) =/ |f()\)|2d)\><c/K2 (a;)dm—i—/_ AP x (K (0)> ,

Nn— 00 —r 202
therefore the optimal constant ¢ in the expansion prassp = en'/® (14 0(1)) is equal to

(KR 0P aayegte \Y
e = JK?(x)de x [T_|f(MNPdr)  \0.539285%°C RZ )

j=—o0

The data-driven smoothing parameter prysg in (4.2) is based on an estimated value of ¢ (f),

K (/P 1R
0.539285 """ |\ K (j/p) k2’

and p is a pilot bandwidth set to 7 = (4n/100)*/? as in Newey and West (1994).

(4.4) Prvse = &/% (f)yn'/5, where  ¢(f)

"The performance of test (4.2) is generally believed not to be very sensitive to the choice of the kernel, see Hong (1999).
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A first difficulty with the data-driven pryrsg concerns the null limit distribution of the test statistic
M. Hong (1999) and Hong and Lee (2005) have shown that M = M (prasg) behaves asymptotically as
M (prysg) provided that ¢(f) > 0 and €(f) /e(f) tends to 1 in probability at a sufficiently fast rate.
Unfortunately, such a result is mostly useful under the alternative since ¢(f) = 0 under the null, so that
this result cannot be used to derive the null limit distribution of M (prarse). The common practice is to
ignore this issue and to regard the random pra;sg as deterministic when computing the critical values of
M (prayse). This contrasts with our method of choosing the data-driven p since in our case the test statistics
has a clear-cut null limit distribution.

A second issue with the data-driven prassg concerns its behavior under the alternative. Alternatives
converging to the null may give a ¢ (f) which is close to zero or tends to zero, so that the aforementioned
result of Hong (1999) and Hong and Lee (2005) may not apply. More importantly, the data-driven prysg
is derived from the minimization of the criterion (4.3), which is designed for estimation of spectral density
functions and may not be appropriate for testing. For instance, it follows from the results of Ermakov (1994)
that the nonadaptive optimal bandwidth for testing against alternatives with twice differentiable spectral
density is n2/? which is slightly larger that the order n'/® used in (4.4). Furthermore, the fact that the data-
driven pryse is calibrated for twice differentiable spectral density functions limits the adaptive properties
of the M test.

4.2. Other details of the simulation experiments. We consider experiments with 10,000 replications
of samples of size n = 200 and 1,000. As suggested in (3.5), we use a penalty sequence ~,, which depends
on the cardinality @ + 1 of the set P of admissible smoothing parameters. Some preliminary experiments

have shown that

v, = (2InQ)Y?+3.2
works well. For the case with 200 observations, we use P = {2,4,8,16,32}. With 1,000 observations, p is
also set to 2 but P increases to {2,4,8,16,32,64, 128,256}. The rejection region (2.10) makes use of critical

values

(4.5) 2n (@) = 2, (0,p) = Cn (0‘7‘1‘;)(;)]5 ()

where the choice of ¢,(a,p) depends on the kernel. The rejection region (2.10) and (4.5) implies that the

test rejects if §§ > cnla, B)ZTZ%. In the case of uniform kernel, ¢, (,p) is given by the chi-square distribution
with p degrees of freedom. For the Parzen kernel, c,(a,p) is given by a gamma distribution I'(6, 0) with

shape and scale parameters that match the null approximations of the mean and variance of S',”S

2

El)” . .. E@

T V2(p) V2 (p)

The M test uses the gamma critical values z, («, pryse)-

o

8The theoretical justification of our gamma approximation is given by Shorack (2000), Theorem 4.1. Note also that for the
uniform kernel, E <B> = p and V2 (g) = 2p asymptotically and T'(d,0) is equal to a chi square with p degrees of freedom.

Observe also that limp oo zn (o, p) is the 1 — a quantile of the standard normal distribution.
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4.3. Under the null. We consider independent sequences distributed respectively as a standard normal, a
Student with 5 degrees of freedom and a centered and standardized chi-square with 1 degree of freedom. The
experiments with the Student distribution allow us to examine the behavior of the testing procedures when
heavy tail processes are present whereas the chi-square distribution allows us to examine the sensitivity to
skewness. The chi-square distribution also arises when investigating ARCH specifications (2.2) with Gaussian
error terms.

Table 1 reports the associated rejection rates. For the experiments with 200 observations, the empirical
levels for all testing procedures are close to the nominal levels. Under the null, the choice of the kernel does
not seem to affect the rejection rate of our procedure. Those results are not very sensitive to the choice of
distribution for the white noise. For the experiments with 1,000 observations, the empirical levels are very
close to the nominal levels for all testing procedures and all distributions with the exception of the M test,

which slightly overrejects for all cases.

GGL GGL M CvM
Kernel Uniform Parzen Parzen

100% 5% 10% 5% 10% 5% 10% 5%

n = 200

Normal 9.43 5.00 977 494 10.32 4.92 936 4.70
Student 9.58 5.10 954 4.83 10.01 4.81 9.24 4.60
Chi-square 9.18 4.79 9.77 4.74 1029 4.74 9.14 448
n =1,000

Normal 10.30 5.04 10.20 5.00 11.21 5.43 10.12 491
Student 10.10 4.93 10.05 4.89 10.82 5.36 9.54 4.92
Chi-square 9.62 5.08 10.29 5.03 11.25 5.37 9.88 4.82

Table 1: Level of tests.

4.4. First set of alternatives: Cramér-von Mises alternatives. We consider autoregressive and moving

average alternatives
(4.6) AR(P,p) : us = pus_p + &4 and MA(P,0) : us =¢e¢+0ei_p.

In the simulation, the noise {¢,} is a sequence of i.i.d. standard normal variables. The M A(P,#) alternatives
are similar to the moving average processes defined in (3.6) but with moderate values of P = 1,4 or 6. Define
the Cramér-von Mises distance D¢,y as a theoretical counterpart of m2CvM /n in (3.13),
n—1 2
R2
2 _ J
Déwn = Z j2R2

j=1
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The values of parameters p and 6 in (4.6) solve

n 3
;D%}uM (AR(P, p)) = )

(4.7)
and %Dgw (MA(P,0))) = =

2 )
™
respectively, for n = 200 and 1,000 and for P = 1,4 or 6. Solutions of (4.7) are given in Table 2 below. The
numerical value 3 in (4.7) has been chosen because 3/72 ~ 0.3040 which is close to the 90% quantile of the
CvM null limit distribution. Elementary algebra gives

(Pk)2 p2 and D&y (MA(P,0)) P2(1+ 92)2.

k=1

Hence the solutions of (4.7) are such that

31/2p 31/2p
(4.8) PPn = 372 (I+o0(1)) and  Opn= YoN (I+o0(1)),

)

and the processes defined in (4.6) can be seen as n'/? local Pitman alternatives up to a negligible term.
Simulation results are summarized in Table 2.

For AR(1) and MA(1) processes, the procedure GGL with Parzen kernel performs similarly to the M
test and the CvM test while the GGL procedure with uniform kernel is less powerful. The underperformance
of the GGL test when the kernel is uniform can be due to shape of the kernel and the choice of p. Since
p = 2 in the simulation experiments, the uniform kernel puts the same weight on the first and second order
autocorrelation although the first order autocorrelation is more important for these alternatives, particularly
for the MA(1) process. The additional weight on the second order autocorrelation coefficient increases the
variance of the test statistic but is not helpful for detection of M A(1) alternatives. In contrast, the fact that
the Parzen kernel and the CvM test correctly put more weight on the first order autocorrelation coefficient
explains why they perform better.

With increasing P, the power of the CvM test increases”. However, for processes with a higher order P
(MA(4) and AR(6)), our procedure has a power close to one and substantially outperforms the CvM test.
This is due to the fact that increasing P increases the size of the maximal correlation coeflicients, as can
be seen from (4.8), and to the fact that our test is more sensitive to high order correlations than the CvM
test. The M test performs poorly against the higher order alternatives (4.8). This is because the data-driven

Drvsk is too small in a vast majority of the simulations.

4.5. Second set of alternatives: small correlation coefficients. This section considers alternatives

(3.11). More specifically, we consider

(37.)"° iid
(4.9) up =ug (P,0) = e + m Z'ka,bstfka Yy ~ N(0,1).
k=1

9This can be explained by the fact that E [72CvM] = Dgwar + n3 72, Var (]%) /42. Further inspection of our simulation
experiments shows that [E [TI'QC’UM} can be up to twice larger than 3 = Dgyps, hence the important impact of the term
ny 52, Var (ﬁj) /32
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GGL GGL M CvM
Kernel Uniform Parzen Parzen

10 % 5% 10 % 5% 10% 5% 10% 5%

n = 200
u =g, +0.1244e,1 4417 3096 53.66 40.84 54.48 40.70 52.34 39.34
up = &4 4+ 0.8165¢,_4 100.00 100.00 99.98 99.98 17.11 9.86 77.46 41.87
wp = 0.1233u,_1 + ¢, 42.82 3112 5259  39.57 53.25 39.51 51.20 38.45
up = 0.6849u;_ + ¢, 100.00 100.00 100.00 100.00 35.88 25.64 89.74 69.03
n = 1,000

uy =4+ 0.0556,_1  43.65 3141 53.14 40.14 53.94 40.51 52.01 39.58
up=e; +0.2307e,_q 99.98  99.98 98.92 98.92 12.08 6.07 75.88 41.12
up = 0.0548u,_1 +&; 44.72  32.38 54.24  41.35 54.93 41.80 52.86 40.82
up = 0.3242u;_ + ¢, 100.00 100.00 100.00 100.00 16.18 9.07 84.89 47.92

Table 2: Power of tests under Cramér-von Mises alternatives.

In this setting b = 1,...,10,000 is the simulation index. New moving average coefficients {wk7b} are drawn
for each simulations. Randomizing the moving average coefficients allows us to explore various shapes of the
correlation function. The noise {;} is independent of the moving average coefficients {¢k7b} and is drawn
randomly from the standard normal distribution. The lag index P is set to 15 and 30 for 200 observations
and 75 and 150 for 1,000 observations. Since kazl @bi’b = P(1+4op(1)) when P tends to infinity, the
covariance structure of the alternatives (4.9) is described in Lemma 1. Simulation results are given in Table
3.

As implied by Proposition 2, the adaptive procedure developed in this paper outperforms the CvM
and M (prasgE) tests for all values of P and n considered in the simulation. The higher the value of P, the
larger is the difference in favor of our procedure. The difference in the rejection rate can be as large as 70%.
The relative poor performance of the CvM test is easily explained by the fact that the CvM statistic places
more emphasis on low order autocorrelations than on higher order autocorrelation. However, the CvM test
outperforms the M test for P = 15 and 30 and the two tests are equivalent for P = 75 and 150. The poor
performance of the M test is again due to a low prysg. Finally, for our procedure, the uniform kernel
performs better than the Parzen kernel, with a difference in rejection rate that can be as large as 15% for
P = 150. This result is not surprising since the Parzen kernel puts larger weight on low order autocorrelation
coefficients and smaller weight on higher order coefficients. This contrasts with the simulation results for

alternatives (4.6) showing that the choice of the kernel may affect detection of specific alternatives.



20

GGL GGL M CvM
Kernel Uniform Parzen Parzen

0% 5% 10% 5% 10% 5% 100% 5%

n = 200

P=15 83.11 79.96 68.11 64.38 50.20 39.64 59.39 46.54
P =30 7845 75.25 54.21 49.15 42.58 31.69 49.17 36.95
n = 1,000

P=75 94.60 93.75 92.90 92.33 40.44 29.14 42.75 30.55
P=150  94.03 93.26 79.71 77.84 32.56 21.66 33.13 22.24

Table 3: Power of tests under small correlation coefficients alternatives.

5. APPLICATIONS TO FINANCIAL SQUARED RETURNS

5.1. Correction for heteroskedasticity and details of the test. To deal with the problem of het-
eroskedasticity, Deo (2000), Francq, Roy and Zakoian (2005), Lobato, Nankervis and Savin (2001) and
Robinson (1991b) have proposed to modify the existing tests by using a better standardization of }A%j in

place of EO as explained now. Relaxing independence of {u;} and assuming that {u;,t > 1} is a sequence of
centered martingale differences, we obtain that

~ 1 n—j 1 1 .
Var (Rj) = Var <n Zutut+j> = (1 - n) E [ufufﬂ-] = (1 — i) 0’?,
t=1

where 0% may differ from R§ if B [ufu?, ;] # B [uf] B [u?,;]. It follows that it may be advisable to standardize

e . ) B A . ~2 _ n—j AD A . . .
the estimated covariances R; using 6; with 657 = > =/ 4§y, ;/n. In our application, we consider the

[,

modified Box-Pierce statistics )
n—1 ~
=0 R,

With this definition, the mean and variance terms E(p), V*(p) and V?(p,p) in the definition of the test
(2.10) can be set equal to p, 2p and 2(p — p) respectively.

We consider monthly returns v; = log (P;/P;—1), t = 1,...,n, of the Dow Jones Index from January
1950 to April 2008 (n = 700) and monthly returns of the Coca-Cola share from January 1962 to April 2008
(n = 555). In both cases, the returns are found to be uncorrelated. The tests are then applied to squared
de-meaned returns

i = (v~ )" = (0 — ), t=1,..,n.

Although the mean of the returns and of the squared returns is estimated, elementary expansions show that
this does not affect the joint null limit distribution of the covariances. It follows that the CvM statistic has

its usual null limit distribution. Similarly, the null limit distribution of BPpi is a chi-square with p degrees

of freedom. In order to limit small sample impact of mean estimation, the minimal lag index p is set to 4, a
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value which is slightly larger than the minimal lag index 2 used in the simulation experiments. For the Dow
Jones returns, P is equal to 256 and the penalty is as in the simulation experiment, v,, = (2log 6)1/2 + 3.2.
For the Coca-Cola returns, a smaller p = 128 is considered due to a smaller sample size and the penalty is
equal to v, = (2log 5)'/% 43.2.

5.2. Index returns. Figure 1 below displays the standardized squared sample covariances n(R\J /5)%, =
1,...,256, of the de-meaned squared returns of the Dow Jones Index. The upper horizontal line is the 5%
critical value'®, 15.24, of the test based on max;e(1,256] n(lfl‘j/ﬁj)z. The lower horizontal line corresponds to
1.962 = 3.8416, so that 95% of the n(éj/ff\j)Q, j =1,...,256, should lie below this line under the null.

Figure 1: Sample standardized autocovariance of the Dow Jones Index squared monthly returns. The
upper horizontal line is the 5% critical value, 15.24, of the test based on maxi<j<i2s n(éj /6)%. The lower

horizontal is the asymptotic 95% quantile of the individual n(R;/5;)>.

The observed value of n Max;c[1 256 (R;/5;)* is below its 5% critical value. The value of the CvM
statistic is 0.31 (p-value 0.12). The M statistic, with prarsp = 11.33, gives a slightly smaller p-value of 0.08.
Hence all these tests accept the null at the 5% level. This conclusion contrasts with quite high percentage
12.5% of standardized squared sample correlations above the 1.962 line, which gives a negligible p-value to
the null. That the CvM and M tests do not detect may be due to the fact that high correlation coefficients
are mostly achieved for high lags typically larger than 70. Our selection procedure (2.8) with p = 256 is more
sensitive to the high lag behavior of the sample correlation function. Our test statistic BP} has a value of

210 and rejects the absence of serial correlation at any reasonable statistical level.

108ince under the null of independence the nl/Qﬁj /7 ; are asymptotically independent standard normal, this critical value
has been computed using the double exponential approximation of the maximum of p = 256 independent chi square variables

with 1 degree of freedom.
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5.3. Stock returns. Figure 2 reports the standardized squared sample covariances n(ﬁj/ff\j)z, j=1,...,128
of the de-meaned squared returns of the Coca-Cola stock. The upper horizontal line corresponds to the 5%
critical value of the test based on max;c(1 125) n(éj/ff\j)Q which has a slightly lower value of 14.18 for p = 128.
The lower horizontal line corresponds to 1.962, so that 95% of the n(ﬁj/aj)Q for j = 1,...,128 should lie

below this line under the null.

lul

o 20 40 60 20 100 120 140

Figure 2: Sample standardized autocovariance of Coca Cola squared monthly returns. The upper horizontal
line is the 5% critical value, 14.18, of the test based on maxi<;<i2s H(Rj/é'j)Q. The lower horizontal is the

asymptotic 95% quantile of the individual n(R; /6 ;).

The sample covariance function in Figure 2 differs from the function given in Figure 1 and shares
some aspects with the covariance functions that can be generated by an uncorrelated process or by small
alternatives (3.11). In particular, the percentage of n(é‘j/ﬁj)Q above 1.962 is very low, with a value of 1.56%.
Not surprisingly, the asymptotic p-value of the CvM test statistic is 0.17, so the CvM test accepts the null
of absence of serial correlation at usual statistical levels. The M statistic gives a p-value larger than 0.50 for
the null.

The conclusion based on the M, CvM and confidence interval test contrasts with the conclusion based
on our test which with BPS = 121 rejects the null of absence of serial correlation at all reasonable levels.
Such a high value of the test statistic may be due to the fact that many standardized covariances n(R] /5)?
are close to 1.962 for lags j € [30,70]. Although this corresponds to small values for the standardized

covariances, it is sufficient to drive the selected value of p up to 64.
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6. CONCLUDING REMARKS

The paper proposes an adaptive test for absence of serial correlation. The test is based on a new
data-driven selection procedure of the smoothing parameter in the test statistics used by Box and Pierce
(1970) and Hong (1996). The test can be based on simple critical values such as chi-square or normal and
does not rely on bootstrap procedures than can be difficult to apply in time series contexts. The selection
procedure is specific to testing and is designed to achieve rate-optimality properties. An important theoretical
finding is that the adaptive test can consistently detect alternatives with autocorrelation coefficients of order
P =0 (n’l/ 2) where n is the sample size. Such a result holds provided that the number of autocorrelation
coefficients of order larger or equal to p,, remains large enough. The analysis of such alternatives has led us
to develop a new class of so called small alternatives with autocorrelation coefficients of order o (n‘l/ 2). The
proposed test has been shown to be adaptive rate-optimal against this class of small alternatives, as well as
adaptive rate-optimal against smooth alternatives, a framework previously used in Horowitz and Spokoiny
(2001). The test is also consistent against Pitman local alternatives which converge to the null at a rate
close or equal to the parametric rate n'/2, and against ARMA-type alternatives which converge to the null
at a rate close to the parametric rate.

The paper gives examples of alternatives with small autocorrelation coefficients of order o (n‘l/ 2) which
are detected by the new test. These examples consist of high-order moving average processes with moving
average coefficients converging to zero at a o (nil/ 2) rate. Due to the small size of the coefficients, standard
confidence interval techniques for the moving average or autocorrelation coefficients will wrongly conclude
that the serial correlation is absent. The paper shows that the Cramér-von Mises test of Durlauf (1991)
is not consistent against such small alternatives either. Our simulation experiments demonstrate that the
power of a data-driven version of the Hong (1996) test based on Andrews (1991) and Newey and West (1994)
is also very low. Interestingly, an empirical example of monthly squared financial returns similarly exhibits
correlation coefficients which are not significantly large when considered individually or when tested using

the Hong (1996) or CvM tests. In contrast, our test indicates presence of autocorrelation.
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APPENDIX A: PROOFS OF MAIN RESULTS

This section contains the proofs of the results of Section 3. For j =1,...,n—1landp=1,...,n, let

n—|jl

n—1 .
~ 1 ~ ~
Bj=~ Y wuyy and  S,=n) K (;) R
t=1 j=1

be the sample covariances and the test statistics computed using us, ...,u,. In this section, C' and C’ are
constants that may vary from line to line but only depend on the constants of the assumptions. Notation []
is used for the integer part of a real number.

We first state some intermediary results that are used in the proofs of our main results. These interme-
diary results are proven in Appendix B. Lemma A.1 gives the order of standardization terms E(p), E(p, p),
V(p) and V(p,p). Propositions A.1 and A.2 deal with the impact of the estimation of §. Proposition A.3
is used to study the asymptotic null behavior of the test. Propositions A.4 and A.5 together with the lower
bounds (2.11) are the key tools for the derivation of the consistency results.

Lemma A.1l. Suppose that Assumption K holds and that p/n < 1/2.
(i) There exists a constant C' > 1 such that, for ¢ = 1,2 and for any p < p <P,

n—1 N . n—1 .
DS (1-2) x(L)<op, Z<Swr¥(L)<cp, v <op,
C = n p p

(ii) Under Assumption P, for all n,
V(p,p) > Clp—pY?  foralpeP,

Vip,p) > Cp'/? forp#peP,
E(p,p) > 0 for allp € P.
Proposition A.1. Suppose the sequence {u.} satisfies Assumption M. If
1 =
ol <Ry, <C and Z |60 (0, 71, Jo, j3)| < C

J1,J2,§3=—00

then for any j, = o(n),
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If {us n} also satisfies Assumption R then
Ej”/éo = Rj"m/Ro’n + Op (n_l/z) .

Proposition A.2. Let Assumptions K, M, P and R hold. Then for any py € (B,]ﬂ ,

o 1/2
1Sy — Spl —1/2 n'? [ & <Rj ">2
—_ & = O + — — ?
peg{%};po RanV(PJj) Tl Po ; Ro,n
and for any p = O(n'/?),
1/2
R N n e’} RJ 2
Sp—Sp)/R2, =0s [ 1+ | — ( ”>
( P )/ 0, P P Z Ro.n

J=1

Proposition A.3. Assume thal u; are independent real random variables with Buy = 0, Var(u;) = o2 and
Elu|® < C. If Assumptions K, P, and M hold then for any € > 0,

(§p - Ap)/ﬁg - E(p,p) 1/2
lim P max = — > (2In / +e] =0.
n—o0 <pe7>\{p} V(p,p) (#nQ)

Proposition A.4. Under Assumptions K, and P, there are some C,C’ > 0 such that for any p € P and n
large enough,

n—1 . . p
ES, - R} (1 - i) K? (;) >Cn) R~ C'RZ.
j=1 j=1

Proposition A.5. Under Assumptions K, P and R, there is a constant C' > 0 such that for any p € P and
n large enough,

Var (S ) <0 | nR? ZR2 +pRY

j=1

The proofs of Theorems 3, 4 and 6 use the following result.

Theorem A.1. Let Assumptions K and P hold. Consider a sequence of alternatives {u.,} satisfying
Assumptions R and M. Then test (2.10) is consistent if one of the two following conditions hold,

(A1) max e 1/QZ<RM> > (1+0(1)) 7,

P€E(p,p]

(A.2) nZ( ) (1+0(1)) 7% min nZ( ">2+7n(2p)1/2,

PE[p,p)

where T is a large enough constant independent of {u; ,}.

The proof of Theorem A.1 is given in Section A.3.
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A.1. Proof of Theorem 1. We first show that lim, ... P(p # p) = 0. We observe that Q = O(Inn) so
that for n large enough, (3.1) yields that
Y = (21nQ)1/2 +é.

Since (Sp - Ag> /Eg —E(p,p) =7,V (p,p) = 0 when p = p, definition (2.8) and the lower bound above imply
that

P(p # p) = ((§ A) /R} — E(p,p) — vV(pyzg)ZOforsomepep\{zg})

=P ( ) >7

max "
peP\{p} V(p,y) B
. (S, - 5,) /R - E@.p) T
max n €
— | per\ip} V(p,p) -

Hence by Proposition A.3, lim,, .o, P(p # p) = 0. This establishes the first part of the theorem. It follows
that 517 = §B asymptotically and (2.7) implies that the test has asymptotic level a. O

A.2. Proof of Theorem 2. Under the conditions of Theorem 2, thereis 1 < j,, < psuch that |R;, ,,/Ro.n| >
p. Setting p = p in (2.11) and using Lemma A.1, we obtain

}%g — E(p) = V(p)zn(a) = El% —E((D) =7,V ([®,p) =V(p)zn(a) 2 n (%g) - O0(p).

Proposition A.1 implies that

~ 2 2

R; Rj, »

e T = n) > 1
n(R(%) n<RO,n +0P()> np®(1+ op(1)),

hence N
= = BlD) = V(p)za(a) 2 np®(1+ 05(1) = o(n) = np*(1 + 0p(1)) = +o0
0
because p = o(n). This establishes consistency. O

A.3. Proof of Theorem A.1. We only give a proof of (A.2) because the proof of (A.1) is similar. Let R,
and p} be defined as

0 R, 2
A3 nR?2 = min |n (j’n) + v, (2 1/2 ,
(4-3) " PE[p.] Z: Ron 7 (29)
J=p
¥ = arg min | n +7, (2 1/2
b gpe[pm Z<R0n> n (29)

Let ¢, be an integer number such that 2‘7"’19 < p;, < 2%p, and set p, = 29 p. Observe that p, is in P and

satisfies

oo R. R 2
A4 nR2 <n ( J’”) +7, @) <n ( ”) + 212 (2p)'/? < 21 /2R3,
(A4) 7]':2%1 R ) (@) Z Tn (2p7)1° <

On
Jj=p},
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Lemma A.1, Proposition A.1, (2.11) and the second equality of Proposition A.2 yield that

5 5
TI; - E(B) - V(B)Zn(a) > /{); - E(pn) - ’}/nV(pn,B) - V(B)Zn(o‘)
R R
> 22 p(p,) - O, (2p)?
el ]/%2 n n n
0
_ o\ /2
S n <= [ R;
A5 > L Op |14 | — (“) — E(pn) — C,,(2pn)"/2.
(4.5) mror e o (72 () — C7,(202)
By the Chebyshev inequality and Propositions A.4 and A.5,
~ ) ~ ) ~ \1/2
Sp. — B3,E(pa) = B[S,,| - B3, E(pn) + Os (Var (5. )
1/2
0 R, 2 o] Rj 2 o] Rj 2 12
2 J\m 7,n n
> R, |ony (RM) > <R0’n) +0r (03 (Ro,n) +pl

Inequality (A.2) implies that

[e’s} Rn 2
ny. (R) > (1+0(1)) 7nR2 > 2272, — o,

therefore
o0

ig E(pn) >CnZ(RO”) (1+o0p (1)) —Cn Y (g;:) +Op( 1/2).

n .
J=Pn

By Proposition A.1, R2 2/RZ, =1+ 0p (n='/2) under Assumption R. Substituting this bound in (A.5) gives

~

e o]

P E(p) — V(p)om(a) > B CnZ( J) (L+op(1)~Cn Y (ﬁj*”)lop( 1/2)

b
D2 = = 2
RO RO =pn 0,n

L\ /2
+0p |1+ nZ( ”)
=1

_C’Yn(Qpn)l/2

By Lemma A.1, (R%,n/ﬁg,n — 1) E(p,) = Op(pn/n'/?) = ’ynp}l/Qo]p(l). Since nz;x;l (ij/Rom)2 — 00

and v, — 00, the lower bound above implies that

Aﬁ = Rjn ? ’ = Rjn ? 1/2.
B V) 2 Cn;(R) (+or (D)= 1 or () {n 3 (32 + vt
> on3 () (e or (1)~ 227 (14 op (1) R,

where the last inequality comes from (A.4). Hence if (A.2) holds with 72 > 21/2C"/C then 5’;;/32) — E(p) —
V(p)zn(a) diverges in probability to infinity and the test (2.10) is consistent. O
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A 4. Proof of Theorem 3. The proof proceeds by checking the consistency condition (A.1) of Theorem
A.1. If 7* is large enough compared to 7 then it follows from (3.8) that

2 nN, p?
nen 1 1
b \ (2p ”22( > (2P,) 1/2Z<R0n> (2P,)"? =T o)

pE(p,pl
because P, € [p,D]. O

A.5. Proof of Proposition 1. We first introduce a set of alternatives. Let f (-) denote the spectral density
of a centered Gaussian stationary process {u;}.with covariance coefficients R;. Define a Holder class of

processes as

Holder (L) = { {w}: 1/3< il ()< sw JV<3 sw |[FO)|<L Y IR <L
A€[—m,m AE[—m,m] AE[—m,m] =0

We state an auxiliary result.

Lemma A.2. Consider a centered stationary Gaussian process {u} with spectral density function f(\) =
exp (g (N\)) / (2m), where

p
(A.6) g(\) =2p> brcos(kA), by, = —1,0,1.
k=1

If p>1 and p > 0 are such that p?>p < € < 1/6 then there is some constant L > 0, independent of €, p, p
and {bg,k =1,...,p}, such that
(1) |R0 - 1| < GPE and |RJ - pb]| < 6/36 fOTj = 17 ey 2
(i) |R;| < 3p(2¢)" for all j in [lp+1,((+1)p) and all £ > 1,
(iii) {wt} is in Hoélder(L).

Proof of Lemma A.2. Rewrite g as

p
g\ =p > brexp(ik)), by = 0, b = b, = b-
k=—P

Since exp () = > ~_, 2™ /m! uniformly over any compact set and maxy |g (\)| < 2pp < 2e < 1/3, we have

(A7) R; = /_: exp (—ijA) f =5 Z m'/ exp (—ijA) (g (N))™ dA.
For m > 0, since [*_exp (—ijA)dA =27 if j =0 and 0 if j # 0,
1 (7 .. m p T .
R L D [ ettt b)) i
(A.8) = p" > br, X -+ X by,

(F1yeeskm ) EKm (5)

where K, is the set of m-tuples with entries in [—p, p] \ {0} so that #K,, = (2p)"" and K,, (j) contains
m-tuples in K,, for which k1 + - -+ + k;, = j so that #K,,(j) < (Qp)m_1
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Proof of (i). Part (i) is a consequence of (A.7), (A.8) and inequality 2pp < 2¢ < 1 which together imply
that for j =0, ..., p,

m 1

: o 1
|R; —1(j =0)— pb|<pz ZE 2epe < 6pe.

Proof of (i1). Let ¢p+1 < j > (£+ 1) p. Observe that K,, (j) is an empty set when m < ¢. Hence it
follows from (A.7) and (A.8) that

—1

Z / exp (—ijA) (g(N)™dA| < p Z <p(20)'e.

£+1 m=¢+1

Proof of (iii). Observe that [g (A\)] < 2pp < 2e < 1/3 and that therefore
1/3<1-1/3<exp(—1/3) < f(A\) <exp(l/3)<e<3 for all A € [—m,7].

Parts (i), (ii) and 0 < p < e < 1/6, pp < 1/6 yield that, for L large enough,

oo oo (t+1)p
Z|Rj\ < R0+Z|R|+Z Z |R;| <1+ 6pe+ (1+ 6¢) pp+3z (04 1) pp (2¢)°
=0 j=1 £=1 j=Lp+1 =1
< 1+1+1/3+1/2) ((+1)(20° < L.
=1

Since f' () = ¢' (A) f (A) with ¢’ (A\) = =2p "7 _; bk sin (kX), we have supye|_ . . [f' (V)] < 3x2P%p < 1.0
We will now define a family F,, of correlated Gaussian alternatives. We first introduce some notation.
Consider ~v,, = (2 lnlnn)l/Q, v1 € (0,1/2) and vo € (0,2/7). Let A = 2[ln(1/“%)/1n2},

p’ = max <A[W},A[:‘jf‘+1]) and P’ = min (A[m)‘] ) A[(i_yz)lng(/‘;’)n)]) )

and let P’ be the A-adic set {p/,p’A,...,p’ = p’A?}. Under Assumption P we have P’ C [p,p]. Define also

(4.9) ) = ad ) = (14 ) (o)

Let €, = (p/)° p,,(7') so that p?p, (p) < €, for all p € P’ and

29,02 e 2y)? —ua\ /4
w=Z20— )7 < B (0,2 ) " =),

In the sequel, €, plays the role of the real number ¢ of Lemma A.2 and we assume from now on that n is

large enough that €, < 1/6. Consider the following log-spectral density functions:

g(\;b,p) =2p,(p Z by, cos (k) , b= (b1,...,bp).

k€(vip,p]

Functions g are of the form specified in (A.6). Let W be a symmetric standard Brownian motion process

independent of B and P. Consider a centered stationary Gaussian processes

__ LI exp [ L) (36, p) exp (i
Ut n (bvp) = (27T)1/2 /—w p ( 9 ) p( t)‘) aw ()‘) .
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Observe that {un (0,p)} does not depend on p and is a Gaussian white noise process with variance 1. Let
{Rj, (b,p)} denote the covariance function of {usy (b, p)}. The family F,, of Gaussian processes can now be
defined as
Fo = {{ut,n (b,p)},be {~1,0,117 pe 73’} .

Lemma A.2(iii) implies that all sequences {u;,} in F,, satisfies Assumption R and that F,, C Holder(L).

We now introduce a probability distribution over F,,. Let P and B = (By,k = 1,...,p’) be independent
random variables with distribution II as follows. The random variables P and B are independent, the
marginal distribution of P is uniform over P’ and the By are i.i.d. with

M(Br=0)=1-6 and I(By=1)=I(By=-1)= g where § = 1_2”1.

We now study the asymptotic behavior of the stochastic covariance sequence {R; ., (B, P)}. Let N, (b, p) be
defined as in (3.7), that is

Rj,n (b, p)

N, (b,p) =N, ({ut,n (b’p)} P> P (p)) = {‘ROn (b p)

‘ >p,(p), j€ [Lp]}

and consider the event

En={.p) N op) = 2107},
where € is as in Proposition 1. Lemma A.2(i) yields that |R; ., (b,p) /Ro.n (b,p)] > p,(p) (|bj] — 6€y,) / (1 + 65, (p)€n)
for v1p < j < p. Hence, provided that e, is small enough compared to vo, (A.9) implies that

. p
€& ={(bp): # b5 =1, j € wappl} = T (1 -}
We now show that II ((B, P) € £/) — 1 for vy small enough, so that

(A.10) lim T ((B,P) €&,) =1.

n—oo
Since |By| is either 0 or 1 and since P € P’, it is
B P ee)=1{5 Y IBl>s0-0|>0(mns 3 [Bl>10-¢
’ n P =73 =\ perp il=73
je(v1P,P] J€(v1p,p]

By the strong law of large numbers,

1 1 & 1
» > 1Bl = ;Z|Bj| R > IBjl
i€(1p.p) =1 Y jelt i)

converges IT-almost surely to (1 —v1)d = (1 —v1)®>/2 when p — oo. Hence, since p’ — oo, we have
II((B,P)e&)—1foruv <e

Let us now return to the proof of Proposition 1. The fact that (b,p) € &, together with (A.9) implies
that
1/2

2y 20 P
20y = “In S _2dn _PT
P (P) npl/2 2 (1= n N, (b,p)

Hence Proposition 1 holds if

inf max Py, (1, =0)>1—a+o0(1),
TnET(Ot) (b,P)E}én b’p( ) - ( )
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where P, ,, () is the probability distribution of {u: , (b,p)}, where T,, = 0 (T}, = 1) if test T;, based on n
observations accepts Hy (H; respectively), and where T («) is the class of all tests asymptotically of level a.
Note that this will follow from

= = >
TinefT(b%%@ Po (T =1)+ Py, (T, =0)] > 1+ 0(1),

where Py (-) is the distribution of {u ., (0,p)} and 7T is the class of all tests. Since

[((b,p) € &n)

((B,P) e En)dH (b.p)

. Po (T, = 1)+ Py, (T, =0)] > /[IP’O( w=1)+ Py, (T, = 0)]

(1+0(1)) [ [Bo (T = 1)+ Buy, (T, = 01 (5) + 0 (1)
by (A.10), Proposition 1 holds if

(A.11) nf [Py (T, = 1)+ B (T, = 0)] > 1+ 0(1),

where Pry (+) is the marginal distribution of {w,, (B, P)}, that is Py (-) = [Py (+) dIL(b, p).
The proof of (A.11) builds on an equivalence result due to Golubev, Nussbaum and Zhou (2009).
Consider the continuous time Gaussian processes
1/2dW (A)
ni/2
Let Qp, be the probability distribution of {U, (X\;b,p), A € [-m, 7|}, let Qu (-) = [Qp,p (+) dIL (b, p), and
let Qo be the probability distribution of {U, (X;0,p), A € [-m, 7]} = {27Y/2W (A) /n!/2, X € [-7,7]}. Since
Lemma A.2 shows that the support F,, of {u;, (B, P)} is a subset of Holder(L), the equivalence result of
Golubev et al. (2009) holds and implies that (A.11) is equivalent to

dUy, (A;b,p) = g (A\;b,p) dA + 27

A€ [—m, 7.

(A.12) ,inf Qo (b =1)+ Qut (ta = 0)) 2 1+ 0 (1),

where TU is the class of all tests of b = 0 against b # 0 based on the observation of the path {U, (), X € [—7,7]}.
To prove (A.12), observe that the infimum on the left of (A.12) is achieved by the Bayesian likelihood
ratio test. This test rejects b = 0 if the log-likelihood ratio
dQu dQu/dp
U, A€ [-m7)}) = —F7F
o (). A € [ r)) = ok
is larger than 1. It follows that

1nf [Qo ( = 1) +Qn (tn = 0)]

L, = ({un (N, e [_ﬂ-vﬂ-]})’ = Qo + Qr,

dQn
rn ({Un (V) A € [, 7]}) | du

Y]

/[anl) M0 (2 (), A € [~ ml}) +T(Ln < 1)

dQn

-/ min(CZijHun(A),Ae[w,ﬂn (s (V). Aew,ﬂn) dn

= /min (1, L£,) dQp.
Hence the Fatou Lemma implies that (A.12) holds if

(A.13) L, 81
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To prove (A.13), we first derive a more explicit expression for £,,. The Girsanov theorem implies that
dQyp,p/dQo ({Upn, (N\), A € [=m,7]}) is equal to

% ({Un (N) ;A € [-7,7]}) = exp (; (/W g (Asb, p) didy (X) — %/W g* (A;b,p) d’\>> :

—r —
Hence, under the null that b = 0 this expression is equal to

N npy (p
en| Y (nl/%n@ﬂ’; / cos(kA)dW(A)—’)Q”bz>
] s

ke(vip,p -

~2
~ np,,
= exp Z <n1/2pn (p) bknk _ /)2(]7) bi) ,

ke(vip,p]
where the random variables 7, are defined as
1 i —/
= —173 cos (k) dW (N, k=1,..7.
i —T

Hence the variables 7, are i.i.d. standard normal and independent of B and P. The definition of IT implies
that

1
£n - #,P/ Z ['p,n

peEP’
with
g 1/2~ 1/2~ nﬁi (p)
Lon = I (1-0+3 (exp (n Pn (P) nk) +exp (—n Pn (P) 77k>> oxp | — =
ke(vip,p]
~2
(A.14) = H <1 +0 (cosh (nl/Qﬁn (p) nk) exp (—W) - 1)) ,
ke(vip,p]

where cosh(z) = (exp (z) + exp (—z)) /2.
Under the null that b = 0, the expectation of L, is

[ G (W ) A€ [l Qo =1

so that to complete the proof of (A.13) it is sufficient to show that Var (£,) — 0. By the definition of
P’ (vip1,p1] N (vip2, p2] = 0 for all p; = p’ AT < py = p’A%n P’ provided vy is small enough, because
A = o[in(1/v7)/1n2] <1/ (2v3). Hence Cov (Lp, n,Lp,n) = 0 for all p1 < p2, p1, p2 € P’, and we have

1
Var (£,) = —— Var (Lp.) -
(#P')? ;
To compute this variance, recall that for a A (0,02) variable V' it is E (cosh (V) = E (exp (V) = exp (¢2/2)

and

E [cosh? (V)] = iE [2+exp (2V) 4+ exp (—2V)] = = (1 + exp (207)) .

N =
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It then follows that

2 o (55, ) o (Lt )] = 1.
(ot o5 ) e (= ) )| =5 1 o 2 ) (-12.00)

= cosh (nﬁi (p)) .

E

This implies that

~2 2
3| (1o (o () e (752 1))

~2
14 208 |cosh (n'/25,, (p) ) exp <np,12(m> - 1]

26 (5[ (. 010) o (L )| 25 o (s 600) o (L )] 1)

= 1467 (cosh (nﬁi (p)) - 1) .

Hence by (A.14) gives

~2 2
Var (L,n) < E[L],]= H E [(1 +4 <cosh (nl/%n (P) nk-) exp (_m@(rﬁ) — 1)) ]
ke(vip,p]
<

exp ((1 —v1)pln (1 + 62 (cosh (nﬁi (p)) - 1))) .

Recall now that § = (1 — 1) /2 and np2 (p) = (14 v3)* 2v,/ (p)"/?* < (1 4—1/2)22(2ln1nn)1/2/(B/)l/2 =
o(1) for all p € P’. We also have coshz —1 = (1 + 0(1)) 2?/2 when  — 0 and In (1 + ¢) < t. It follows that,
for some x € (0,1), uniformly in p € P,

Var (Lp.n) exp ((1 _ Vl)pM% (14 v)? % (1+ 0(1))>

IN

4
3 4 1-k
= exp ((1—1/1) (14+wv9) (1+0(1))1nlnn) <Cln" "n, ke(0,1),

provided v; and vy are taken small enough that (1 — 1/1)3 1+ u2)4 < 1. Since #P’ < Inn, we have

O (In' " n) -
o
and (A.13) holds. O

Var (L,,) =

A.6. Proof of Lemma 1. The first approximation Ry, = o (1 + O ('ynPﬁ/Q/n)) follows easily from the

definition (3.11) of the alternative. To show that the second approximation is valid, note that for j = 1, ..., Py,

1/2 1/2

2
Vyn Vyn
Rjn = 71/’]‘02 + () (77[1]'-4-177[}1 +eee wP,ﬂ/)Pn—j) o’

nl/2pl/4 nl/2pl/4
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By the Cauchy-Schwarz inequality, |¢j+1¢1 + - +7,Z1inpnfj| < kail Y7 = O(P,) for all j = 1,..., Py,

hence, uniformly in j =1, ..., P,,

1/2 1/2 1/2 1/2
S VUn nfn _ Vn 2 Tn
Him = nl/zpﬁ/‘*d) o ( n ) pizpl/t I <n1/2pé/4)

because P, = o((n/v,,)%?). O

A.7. Proof of Proposition 2. Assume without loss of generality that o2 = 1. Define

Pn 1/2
Tn
M =M = V;iﬁk&fk, so that wu;, = e, + 71/2131/47%

Define also

Consider the numerator of the CvM statistic. The triangular inequality yields

o\ 1/2 1/2 o \2\ /2
n—1 R2 n—1 ?2 n—1 (Rj _ Tj)
J J
"y el T\ ny. 72
Jj=1 Jj=1 j=1
The square of the right-hand side of the last inequality satisfies
~ 2 )
1 (R - 7) 1 w?
"2 52 Z 52 E P1/2 Z My |+ 7 Z W D el
=1 j=1 =j+1 t=j+1
J =j J
L 2
n— 1 1 1/2 n

Tn
(A-15) 1) 5\ and 2 M
=7 n ”1/2Pn/ t=j+1

We now show that each of the three terms on the right of (A.15) are op (1). Variables n, are A” (0, 2 ZkPQl wi)
1/2
so that EY/4 [n}] < C (25;1 zpi) < CPM?. By the Cauchy-Schwarz inequality,

2

n—1 n 2
1[1 ~« CH2 CH? YVP
E|n) el B E mig | | < 5p B (E 77?) < SB[l =0 (=) =o(1).
j=1 not=j4+1 t=1 "

It follows from the Markov inequality that the first term on the right of (A.15) is op (1). Further, since g;7,_;

is a martingale difference process,

n—1 n—1 P,

1 n
I n27 1/2P1/4 Z EtNi—j = 1/2 Z Z 1/2 QZ%C

J n t=j7+1 t=j+1

1/2
0 (”’i) = o(1).

By the Markov inequality, the second term on the right of (A.15) is op (1).
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Let us now turn to the last term in (A.15). Consider t; < to. If to —t; > P, + j, or equivalently
to —j —t1 > P, then

E [0, €t,—jne,6t,-5] = 0 forj> P,,
E [ntlgtl—jntgetQ—j] = E [ntleh—j] x E [nt25t2—j] = w; for j < P,.
If t3 — t; < P, + j, the Cauchy-Schwarz inequality yields
[ (16, 8031080 ] | <BY* [ J BV [l ] BV [0 ] BY* [ef, ;] < CP
Hence

n

n
Bl D me; = Y Bl ]+2 Y., E[nyen-m,cn-y)

t=j+1 t=j+1 J+H1<t1<ta<n
n  ti+Pn+j n n
. 2
t1=j+1 ta=t1+1 t1=j+1to=t1+j+Pp+1

< C(n(Putd)Pa+n( < Pu)y3).

Since Z;:ll 1/5 < Clnn and maxi<;<p, |1/1j| = O (1), we obtain

2

E SERE 771“/2 - < Cn, = (Pn+4) Pa C'Yn ~ MaxX1<;<p, |¢J|
ny = no12pl/i D ey 2 pl/2 5 172 2
=Y (O Rt 0 Ot J ) N J
P32 pl/2n=iy
< C’Yn + C’Yn Z - C 717;2
n ~j pl
YuPa? P,
= 0 + 775 | =o(1)
n n pY

Hence the third term on the right of (A.15) is op (1) by the Markov inequality.
For the denominator of the CvM statistic, similar arguments can be used to show that ]?E(QJ —re=op(1).

Since 7y = 1 4 op (1), we obtain from the definition of the 7; that

2

n—1 (l Z" . 1€ )
n n t=j41t=t—j

CUM = ﬁ Z j2 (l o 2)2 (1

t=1%t

+op (1)) +op (1),

so that the limit distribution of CvM under the considered alternative is the same as under the null. O
A.8. Proof of Theorem 4. Let R,, be as in (A.3). Since {usn} € C(Ly, s,), we have

oS 1 oS} e R’,n 2 B
Z(RM) Z%sn (R) < S (Ban Y gy,

Jj=p Jj=p

This implies that

7. 2p)"?

(A.16) Ry < min Ry (p;Ln,sn,v,)  where R (p; L, sn,v,) = Lip™ > + n

PE[p.p]
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Elementary algebra gives that min,en Ry (p; Ly, Sn,7,,) is achieved for one of the integer numbers p}, p¥ —1

or p; + 1 where

* (L 23/23,”[/721’]1 453+1 21n (23/23”) L%TL ﬁ

Assumption P and (3.15) imply that p}, p& — 1 and p} + 1 are in []3, ﬁ] for n large enough and that

2 ;1# 4s. In (23/25 ) 1 In (23/25 )
. 9 L. S, 1 1)) L=t (f)/n) dsn+l S S 22 B A
in R (D3 Ly 0, 7n) (1+0(1))Ln - exp s, + 1 tEre |

< C(l + 0(1))7?3;([’71’ 371)7

where R2(L,,, s,) has been defined in (3.14). The inequality above and (A.16) show that choosing 7 large
enough in the consistency condition of Theorem 4 implies the validity of (A.2) in Theorem A.1. O

A.9. Proof of Theorem 5. Define j, = arg Max; gy, | |Rjn/Ro,n|. Lemma A.1 and bound (2.13) imply
that -

P %—E(p)—‘/(p)z () >0) =P %—E(p)—‘/(p)z (@)>0] =P (n %" 2—0(17)>0
R? = R A W = S R2 ==

Since Ry, > C and > 72, (Rj.n/Ron)” = O(1), Proposition A.1 implies that
N2 )
Rjn _ ijun —1/2
n ( 1?33 > O(p) = n (Ro,n + Op (n ) O(p)

2R, s 2 .
(@5 o) o]~

therefore the test (2.10) rejects the null with a probability tending to 1. O

A.10. Proof of Theorem 6. We need to check that condition (A.2) of Theorem A.1 holds. Let R, be as

in (A.3). For the alternatives considered in the theorem, it is

= R; ? o 1—17 = 2j L 2
L <L J = p+2
jz:p<307n) =7 2l (1/r) jZ:pT 2l (1/r)

It follows that

. (Lr)?* 1/2
A7 Ry, < min Ry(p), where nRi p) = ———nrP +~, (2p .
(A17) o (p) (p) 30 (1/7) (2p)
Since
9 [nRA(1)] 2 1 Yn
T = — (L’I“) n exp (—2tln <7‘)> + (215)71/2’

the real number ¢! that achieves the minimum of nR? over [1,00) solves the equality

* Y
(Lr)2 nrite = n__.
(263)""?
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Observe that ¢} diverges. Hence

In (£5°2) 7, 2t5)" o (@) )

The integer p; which achieves the minimum of R, (p) over N is in the interval [ty —1,% + 1]. Since p =

o(Inn) and p diverges faster than lnn, p% € L, f)] asymptotically. It follows that

) 1/2
o R iy oy = 22 (N
min R =2———= o(1)).
pe|p7] n In(1/r)
Theorem A.1 and (A.17) imply that Theorem 6 holds true. 0

APPENDIX B: PROOFS OF INTERMEDIARY RESULTS

In what follows, we drop subscript n in expressions for u; ,, R;, and 6,,. We denote

(B.1) b = (1) -k (1) ad K - ; k(o).

B.1. Proof of Lemma A.1l. (i) The first three bounds of the lemma follow directly from Assumption K
which implies that K2 (j/p) > K? (j/p) for all j and I(z € [0,1])/C < K?%(z) < Cl(z € [0,3/2]) for some
C > 0. The Cauchy-Schwarz inequality implies that for any p € [p,n/2],

1/2

2 (1 - ) (p) < Kin(p Zk2 < Cp'?V(p,p),

which is the last bound in (i).
(i) It follows from the dyadic structure of P that for p € P, it is p = p2" > 3p/2 with r > 1 if p # p.
Therefore when p # p,

P

Z ( )>C(P 329/2)2%(]9—]3).

V2(p,p) >

l\’)\»—\

When p = p, we have V2 (p,p) = 0 and the first bound holds for p € P. It also follows from the dyadic
structure of P that p — p > p when p # p whence the second bound. Since K is nonincreasing, p +——
E(p)—-F (E) = E(p,p) is non decreasing and E(p,p) > 0 for all p € P. O

B.2. Proof of Propositions A.1 and A.2. We first show the following intermediary lemma.

Lemma B.1. For any stationary zero-mean process {u;},

1 2n o)
sup Var ( ) < - Z 3 Z % (0, 52, 33, ja)|
0sjsn—1 j=0 J2,J1,J3=—00

If {us} satisfies Assumption R then supg<;<,_; Var (g—) < %



39

Proof of Lemma B.1. Equation (5.3.21) in Priestley (1981) and the Cauchy-Schwarz inequality imply that
for j=0,£1,...,£(n—1),

R 1 Jil+7
Var (Rﬂ') = o > (1||n (B3, + Rji+jRji—j + £(0, 41,4, 51 + 7))
Jji=—n+j+1
2n 1 +00
SR - Y k(0520
Ji=—2n J2,J3,ja=—00

This gives the first bound of the lemma. The second bound follows from Assumption R because (2.14)
implies that

2
2n 2 oo
Rj Rj 2
2] < - Cx.
Z(R()) - Z Rol| =
j=0 j=0

a

B.2.1. Proof of Proposition A.1. By Lemma B.1 and by the bound above, it is sufficient to show that
Ejn = Ejn + Op(n~"?). Assumption M implies that for any 7, > 0,

B = 5 8, (r (0= < ool ) (s (56) i 5o i)
= R +(5—9)’ln_h(uu<l> fuug, )
- n & t%itjn t+in
(1) 15 ) (1) [ 5 (ol o)

c-o) oo LSS S (sl -l ) + oo 2 z uPul,

Assumption M also implies that

—Jn
Z (ututﬂ +u§1)ut+jn)‘ < E‘ututﬂ H—&—EHut Ui, || < C,
t=1
X N W, (1) (y
S Lt othol?]] < o < o o]
2
< 9B U\ué”” ] <c
| i
= n (Utuii_)J +u§ )u“r]n) = B utuz(j-)J + B u§2)ut+jn <C,
t=1
1 "Zin 2 2
|15 (it o) )1 w8 | <o [ 2 it ] <
t=1
- 2)
Z u?. | < Elu ut+J’<EU ’]g(}.

This yields the desired result since =0+ Op (n_l/g). |
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~ ~ ~ ~ 1\ 2 ~ ~ ~
B.2.2. Proof of Proposition A.2. Since RJQ- — RJ2» = (Rj — Rj) + 2R; (Rj — Rj), Proposition A.2 is a
direct consequence of Lemmas B.2 and B.3 below.

Lemma B.2. Assume that Assumptions K, M and P hold. Then for any pg € (B’ ﬁ],

WS (K2 ) — K2G/) (B~ By) »
pePpopo V(p,p) = Or (po : )

and, for any diverging p — oo, p = o(n),

n—1

n; K2 (;) (B - E)Q = 0s(1).

Lemma B.3. Assume that Assumptions K, M, P and R hold. Then for any po € (]797 ﬁ],

n— . . =~ (5 = 1/2
[0 52! (K2 G/p) — K2G/w) By (R - By Lon
max =0Op pol—l——ZRz
PEP,p>po V(p,p) Po !
_ 1/2
and, for any p — oo, p = O(n'/?),
" 1/2
2/ . o fay = n 9
n Y KGR (B = By) =0 | 140 5 R
j=1 j=1
Proof of Lemma B.2. Let k;(p) and K1,(p) be as in (B.1). Define e¢; = t; — u; and write
R _ 1 n—j 1 n—j
(BQ) Rj - Rj = E (utet+j + ut+jet) + 5 Z €t45€¢t.
t=1 t=1
It follows that
n—1
n N2
B.3 —_ ki(p) (R — R; <2(A, (p)+ B, (p)),
(B.3) VW);J()(] 1) | <240 ) + Bu (9)
where
n—j n 2 n—j n 2
"N (- 3 (e + e Bup) = o Sl - Y2
A7 D) = i(p — Ut €ty Ut 4€ s n\P) = i\P - € .
.(p) Vipp) 2= 2 L + e 3 Vip.p) 2= n 2
For the first term, we have
An(p) < 2(A1n(p) + A2n(p))
where, by Assumption M,
n N ol alP (LS m)
Aln(p) = V(p7y) ;kj(p) HQ—GH <ntzzlutut+j +ut+jut ) s
PR 13 o o)
Aon(p) = m He - 9” Z k;i(p) (n Z (utut+j T Ut Uy ))
T j=1 t

it ool (155) (1504
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Lemma A.1(i), Assumption M and the Markov inequality then imply that maXpep\ {p} Asn(p) = Op (ﬁl/z/n).
For A1, (p), Lemma A.1(ii) and Assumptions K and M give

o0
2
e
35, A < O[O0 | 3 [ fuesnt?]]

O(p)

>

ig (utug-)j + utﬂugl) —B [utug_l,_)J] - K {utﬂ‘ug)})
Jj=1 t=1

(B.4) max  |An(p)| = ps /205 (1+Z).

PEP,p>po

2

Hence

Consider now the term B, (p) in (B.3). Under Assumptions K and M we have by Lemma A.1 that

— n 2 —
pegli};{po B.(p) < Cnpal/z Ha_ 0H4jzi:p: (; ; MUEI)HQ i H@_ 9“2 ‘u@ﬂ) :p61/20p (Z) .

Substituting this bound together with (B.4) into (B.3) shows that the first bound of the lemma is proved.

The second bound can be established in a similar way. O

Proof of Lemma B.3. Define R; = E {EJ = (1-j/n)R,;. We have

(B.5) V(;’p)z SR (R = 1) | < Culp) + Dalp),
where
Coa(p) = %Sww (R~ &)\, Dulr) = | i) (B~ Ry) (R - Ry)

Regarding the first term, the Cauchy-Schwarz inequality implies that

1/2 n—1 D ~\?2

nY " k3 (p) (R — R,

Cn(p) < T nZR2 = ( ’ j)
Vi2(p,p V(p,p)

Hence Lemma B.2 and Lemma A.1(ii) yield that

1/2

n
B.6 max |C, =0 — R?
(B.6) B2, O =0 | | D R
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Regarding the term D, (p) from (B.5), equality (B.2) and Assumption M imply that

- 5] = [o-o] ol ot
- 1« 1 1 1 1
+ H9 -0 ‘ -~ Z (utugﬁj + utﬂug ) _E [utugﬁj + utﬂug )D H
N 2 1 n 1 n
+ HG -0 ‘ - Z (utugj + ut+ju§2)) + - e,
t=1 t=1

where e; = 1y — ug. By Assumption M(i),

D, = Op(n/? D1, Doy, -1 Ds,,
p B, Do) P pax,, D)+ gpax Don(p) |+ Op(n75) gax Dan(p)
1 n
B.7 = 2 D
(B.7) + (n ;et> peP.ppo an(p).
where
n n—1
5 5 1 1
Din(p) = W Z |kj(p)| |R; — R, ‘E [“tugﬁj +Ut+j“§ )} H ’
I j:1
n n—1 1 n
5 5 1 1 1 1
Do, (p) = Viop) Z |k;(p)| |R; — R; EZ (utugﬁj +Ut+ju7§ )_E [utugj +ut+jU§ >DH 5
1L j=1 t=1
n—1 n
n ~ — 1 2
Dsn(p) = m2|k7(p)| Rj — R n (utU§+)j+ut+jU§2)) )
= =1 t=1
n n—1 _
Dy(p) = —r ki(p)| |R; — Rj|.
®) = gy 2 kO[T



43

By Assumption K and M(ii) and by Lemmas A.1(ii) and B.1, we have

O(p)
1/2 (1) (1)
s, 2] < 0wt 3 nlf - fuadl -t
o)
< 1/ Z Var'/? (R ( ) HE [utuiﬁ] + Uy ju ] H <C n/po)l/2
1/2 n (1) (1) (1) (1)
< ) . — )
5|, D] = O Z ’ 2 (et e B s + i) ‘H
1< ’
< Cnp, ) Z Var'/? (R ( ) E'/2 n Z (Utugj + Ut-&-juigl) -E {WUS& + ut+j“§1)}>
t=1
< Cop /2
= PDbg )
1/2 & 1 ¢ (2) (2)
E Dsn < Cnpy E - ( )
|:P€I7£17%)>{P0 3 (p)} = nPo ; n tz:; Utlly {5 + Uty jU ]
o) - Lo 2
< Cnp,'? Z Var!/? (Rj> E!/? ‘n Z (utugr)j + utﬂugz)) < Cp(n/po)'’?,
j=1 t=1
om o)
E [ max D4n(p)} < Chnp, 1/2 E ‘Rj ~1/2 Z Var'/? (R ( ) < C’p(n/po)l/2
PEP,p>po = =

The Markov inequality gives us the stochastic orders of magnitude of the four maxima in (B.7). Since

p=o (nl/z) by Assumption P and n=! 31" e? = Op(n~!) by Assumption M, we have

PEP,p>po

max |Dn(p)‘ :p61/201[> (1 T 1/2> =Or (pal/z) )

Substituting the last equality and (B.6) in (B.5) finishes the proof of the lemma. O

B.3. Proof of Proposition A.3. The proof of Proposition A.3 employs Lemmas B.4 and B.5 established
in this section. For any (-times differentiable function f, define ||f[|, ., = sup;_q ..., Sup,cg ||f(J)(:1:)|| For

any real numbers ki,...,kp, let

1/2

P P L\ 2
,E: _ Z 2 J
Kln = 2 |kj| and Kgn = 2 - 1kj <1 — ’I’L>
J= J=

Lemma B.4. Assume that u; are independent real random variables with E (u;) = 0, Var(u;) = o2 and

Elu|® < C. Let Zy,...,7Z, be independent N(0,1) variables that are independent of us. Then there exists a
constant C' such that for any three-times continuously differentiable function T from R to R, any 1 <p <n
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and any real numbers ki, ..., k, with Z§=1 |k;| # 0,

s | |z [Pk (B0 am) V(S k0 amiz -y

o (25, - i) (22— )

I1Z1l3,00 (LKM > LK1, \? /p\1/2
’ F1) 41Ty [ sup Ryl +1 < ) (2)"
o (= Il | sup Ik o) (¢

Lemma B.5. Let Zy,...,Z, be independent N(0,1) variables. Then there exists a constant C' such that,
for any three-times continuously differentiable function T from R to R, any 1 < p < n and any real numbers

koo ky with Y28 |ks] #0,

<C

ki(1—j/n)(Z} —1) Kin

B |7 | 2 CBIZWO.D))| < ClTl 0 sup k] 0
J€[1,p] 2n

(250, 20— jmp2) "

Proof of Lemma B.4. Put u; =0 for ¢ < 0. Let w;; be independent N (0, 1) variables for ¢ —j > 0, and
wj+ =0 for t —j <0. Let n, and 1, be C? vectors

1 1/2 / I
1/2 ~ 1/2 1/2
Ny = = ki w1, .., kp/ utut,p} and M = |k Wi, ..., kn/ wp’t] ,

which are such that
En, = En, =0, Var(n,) = Var(1,).

For 1 <t <mn,z€[0,1], and n € CP, define

Vi(n) = Zm+n+ Z i Vi(;m) = Vi(an),
1=t+1
f f n—>y"_1ki(l—j/n
Qi = IR BUZI, Qulai ) = Qulam),
Zi(n) = Z(Q¢M)), Zi(z;m) = Ze(an).

In the summation signs above, we let Ef;; -=0ift—1<land )", ,-=0ift+1>n. By the definition

of n,, we have
Y ks (B2 = ot = j/m)
o (2, - )

Since the coordinates Vj 1(7;) of V1(7;) are independent N(0,k; (1 — j/n)) random variables by definition

= Qun(n,,)-

of wj, variable Q1(7;) has the same distribution as

S0 k(1= j/m)(Z2 ~ 1)
1/2°
(22, 20— j/m)?)




Observe that ;1 (7,41) = Z:(n,). The left-hand side of inequality (B.8) is equal to

B (Zn (1) = Za(m1))]
= [B@n(n) = Zn(n) + In1(0,) = Zn-1(7) + -+ + La(n2) — Za(0) + L2 (1) — Ta(m1))]

B9) < Y [B(Zin) — L)l

Let It(j)(x;n) = d'Ty(x;m)/d?x. Since Ty(n) = Z;(1;n) and Z;(0;1) = Z;(0), a third-order Taylor expansion

with integral remainder gives

1 1 [t .
Zo(n) = Z(0) + I,V (0im) + 577 (0im) + 5 / (1= )L (w;m)do

so that
~ 1 1 ~
B @) - = |B (2 (05m) ~ 7V (057,))
1o (2@ @5 0) 2 L[ 2 (7(3) ®) (.~
(B.10) + 3B (@0On) - TP 7)) +5 | 0= 2PB (T @) - T (w7 ) do).

In this expansion, the derivatives are

VO = R ViOIW(Qi(0),
(B.11) IO = A nlPTVQi0) + Gt (1Vi(0))* T3(Q4(0)),
(@) = et P Vil I (Qu(ws) + iy (Vi) T (Qu(w; m).

Let F; be the sigma field generated by 7,...n,_, and 7,,,,...,7,. Note that V;(0) and Q;(0) are F;-
measurable while i, and 7, are centered given F;. The first term on the right of (B.10) is therefore equal

to

E(né 1012 (Q(0))E [t—'ﬁtm])zo,

hence substituting (B.10) into (B.9) gives
\E( n (M) = Z1(7))|
(B.12) Z ‘E <I<2) (0:1,) — ) (0; m Z/ ’EI( (37,

The study of the two terms in (B.12) is carried out in three steps.

‘EI ;1)

)d

Step 1: a moment bound. We prove that for any 1 < a+b < 8 and any z € [0, 1],
(B.13) max (B ln|* IVe(@;n)I°] B 171 Vi G @)’ ) < CLE )+ 202,

We prove a bound for E {||77t||“ HV}(ﬂc;nt)Hb] The bound for E [HﬁtH“ ||W(ﬁt,m)||b} is simpler to prove due
to the normality of 7,. The Holder inequality gives

B {1 Ve n)II'| < B7 [l ] B= [[Viaim,)|**],

therefore it is sufficient to prove that

(B.14) B+ [|n,|**] < O(LK,)™?  and 5 [IVilwsng) || < (LK)
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Regarding the first bound in (B.13), the definition of 7, and the Minkowski inequality yield that

‘a-&-b]

7 [l

IN

p
Ew+v > Ik (
j=1

[N

p
LY |kl
j=1

utut_j)2

a+b %

2

= C(LKy,)"?

Zlk et (M)

a+b 2

because a+b < 8. Regarding the second bound in (B.14), the definition of V;(z;7,), the Minkowski inequality

and the bound above imply that

a-+b
We now bound E/(a+b) {HZZ 1M

(Vi) 1] <B

a+b

+ C(LKy1,)Y? + Bats

a-+b

n
>

i=t+1

] . The bound for E+7 [HZ?‘:HI m; ||a+b] is simpler due to normality.

For each j > 1, the {3'_, u;_ju;,t € N} is a martingale. Hence the definition of 7,, Minkowski inequality
and the Burkholder inequality (see Theorem 1, p. 396 in Chow and Teicher (1988)) yield that

a-+b

a+b

IN

IN

P L1
;Vfﬂ Ea+s )

LY Ik;lt = 1)
j=1

t—1
E Uj—5Usq
i=1

Sl [ | (3 (s
J 2
j=1 i=1

P 1 & :
SSCTED
j=1 i=1

a-+b 2

))

n|o

a+b

[N

1 a+b 2
2

< C(LK1,n)"2.

This completes the proof of (B.14) so (B.13) holds.
Step 2: the third-order term in (B.12). By the Cauchy-Schwarz inequality, (B.11) and (B.13),

[BZ) (wm,)

12
< |z ((nK2n)2

12
< |z <(nK2n)2E

IN

n'/2(LKy,)?

n32(LKy,)3

E|||m, |7} Ve (2 m)| +

L 2
> kylET
=1

[SIS]

(nKap,)?

el 1V s )] + ﬁE [II??QIISW(:U;U)BD

1
Ol ( (

TlKQn)Q

(nKsp)?

).

Em;v;(sc;n)ﬁ)

t—1
5>
i Wi iU
0_24 i—g Wi
=1

a-+b

Wl

wjo
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Since ‘EIt@)(x;’ﬁt)‘ can be bounded similarly, the second term in (B.12) is bounded by

o L L 2L
3,00 (ann)z (ann)?’

_OWllse (LKW | (LK"Y _ Ol (LK1 1\
B n1/2 KQTL KQn o n1/2 KQn ’

Step 3: the second-order term in (B.12). (B.11) implies that

B@)P (0:n,) - B @) (0:7,)
2 2
B15) < e B [l = 172) (@) | + oz [B [ (002 - @0)*) 721(@: )]
The study of the two terms in (B.15) requires additional notation. Define
o t—p—1 n t—1
Vi = Z n; + Z n; = Vi(0) — Z M
i=1 i=t+1 i=t—p
 iavd 2 t—1
S A T > R TN =R N D= )
¢ Ky, i nks, nKoy, )

The rationale for introducing these quantities is that V; and @, depend only on uy,. .. Ui—p—1 and are
therefore independent of 7,.
Consider the first term in (B.15). Since V; and Q, are independent of (7,,7,) and since 7, and 7, are

centered and have the same variance matrix, we have
B In?Z0@0)] = B 7P @.)] -
It follows that
B [l = 17.02) T @i (0)] | < B|lIn 12 (TV(@i(0) - TV@0)) | +B |l (Z0(@u(0)) - TV @))|

It is sufficient to bound the first term on the right of the last inequality. The Taylor and Holder inequalities
and the bound (B.13) give

E |llnli? (Z0(@u(0) -7V @)) )|

—1 t—1
In 12 [ ]] S
< |7y, o0 E n[é Z mi|| + V£ (0) Z n;
2n 1=t—p i=t—p
4 2
HIHQ,oo 1/2 4ml/2 — 1/2 4 21mel/2
< 2 [ BB S| | B2t Ve(0)|P]E doom
2n i=t—p i=t—p
||I Kl P 1/2
< O—22[2K? U2y < oL? |z —"Ki, (7) .
= c nKZn 1n(p + (’I’Lp) ) — C || H2,oo K 1 n

It follows that the first term in (B.15) is bounded by

||I||2,oo Kln ? p 1/2
(B.16) o2 (LK2n> (5) .
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Let us now turn to the second term in (B.15). Since F; is the sigma field generated by 7y,...,n,_; and

Tes1s- - - 7n, random variables V;(0), V; and @, are F;-measurable. Define

NE(Vi(0)) = B | (n;Va(0))* |72 :Z VA0
We have

B[(0i0)* - @1:0)°) 7(Qu0)] |
2
< |B[E[(1V) - (@Vi(0))" 1| T2(Qu(0)] | + I1T), . B |2 (07) 0w + mZm

i=t—p
2 4
t—1 t—1
< | Zlyoo | BINE(V2) = NE(V(0))] + 2B [In |[*IVAP] BV | D mf| + B2 I'BY2 | > m,
t—p i=t—p

1=

The bound (B.13) implies that

BY2 [l V2] B2 [t | + B2 B2 |t < OLKLW)? ()2 +).
2
BINE(V) - NEO)| < supe sl (282 IV0)IPE [ S|+ B[S )

< C'supjep ) |5 1(LK1)? ((np)'/2 +p) -

The second term in (B.15) is therefore bounded from above by

supjepip kil +1 [ LKy, \? p'/2
(B.17) ClZl 00 — p e -

Substituting bounds (B.16) and (B.17) in (B.15) yields that the first term of (B.12) admits the bound

7 LK1, \” /p\1/2
,Z\E( (0:m,) — <z>(o;m))\sc||zm(_SEP]MH) (sz) ()",
Jellp n

Substituting the bounds from Step 2 and Step 3 in (B.12) completes the proof of Lemma B.4. a

Proof of Lemma B.5. Inequality (18) of Pollard (2002, p. 179) yields that

b k(1= j/n)(Z2 — 1)
1/2
(237, k21— j/m)2)

—E[Z(N(0,1))]

A
Q4
&
8
=
-
=
!
<
~
2
N
(V)
!
=
—

Kin
3 -
KQ’IL

IN

ClZll; 00 sup |kjl—5
J€(1,p]
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B.3.1. Proof of Proposition A.3. We derive a suitable deviation inequality. Recall that k;(p) and K1, (p)
are defined in (B.1) and that @ is the cardinality of P \ {p}. There exists a three-times continuously

differentiable function with bounded third derivative such that

I (:c > (2In Q)2 + 6/2) <7 (:c - (21nQ)1/2> <I (:c > (21nQ)1/2) .

By Lemmas B.4 and B.5, the Mill Ratio inequality, Lemma A.1, (3.1) and Assumptions K and P,

o'V (p,p)

SP(N(O,l)z(anQ)1/2)+ ¢ ((LKln(P))?’jL(LKln(p))2p1/2> o K@)

Q _N _ 4
P (Sp Sp g E(pvﬂ) > (2111@)1/2 +€/2)

nl/2 V(p,p) V(p,p) V3(p.p)

exp (— ((2 an)l/2)2 /2) C
< +
- V2mr(2InQ)1/2 nl/2

1/2
(B.18) < ! +CL3 (p3> + L
V27 (2InQ)1/2Q n pt/?

L1/23+ L1/221/2 L Cop /2
(112) -+ (122) 91 ) - Cp

for all p € P\ {p}.
We treat the cases of diverging p and bounded p separately. Consider first a diverging po > p, po € P,
so that p = po2?° with Qo < Q. We have

p (§p_§g /EE_E(paB) > (21 Q)1/2+
max n €
peP\{p} V(p,p) B
B.19 <P (§p_§g) /B~ Elpp) > (21n Q)2
(B.19) <P, max VD) z ZQ)7 e

B.20 +P > (2In Q)2 +
( ) pePI,gg);Spo V(p,p) = 2lnQ) ‘
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We first deal with (B.19). By Lemma A.1, Propositions A.1 and A.2 and Assumption P,

<§p - §p) - E(p,p)ﬁg

pegl,%};po {/(p,g) - B ((2 In Q)1/2 + 6) ]%(2)
s | [, 8 e o
o] (g, v < (om0 )
< max (gp - g;)(p_’pl)?(l%p)a‘l - ((21nQ)1/2 +6) o +O]P>( —1/2 (1 +p—1/2))

1/2 1/2
Py +In/ n
+O0p <n1/2 )

(§p — :S’VB) - E(p,g)a‘l )
T pePapepo V(p,p) + oe(1).

The bound above implies that (B.19) is bounded by

(Sp - p) /0 - ( aﬂ)
max — n / .
P p€P,%>p0 V(p,}z) 2 (21 Q)l 2 +€/2 +O(1)

It follows from (B.18) that

(§p - gp) /U4 _E(pvp)

P — — > (2mQ)?* +¢/2
pEP.p>p0 V(p,p) = (2mQ) " +¢f
§ — d*E(p,
< > P( i il >(21nQ)1/2+e/2>
pEP,p>pU g (p p)
1/2 _
Z +CL? <p3> ? s 27
B V2r( 2an )1/2QQ n p(l)/Q
L Qg ((m) RO 11y
B 27(21In Q)1/2Q n 23/2 _ 1 p(lj/2 (1—2-1/2)
(B.21) =o(1)+ 0O (( ®/n) /2) +O( 1/2) =0(1)

because In @ = O (Inn) under Assumption P. This means that (B.19) is o (1).
Suppose that p diverges. In this case, we take pg = p in (B.19) and (B.21). There is no need to study
(B.20) and the proposition is proved. Hence it remains to deal with the case where p stays bounded. In this

case, choose pg = o(lnl/3 Q). Then Propositions A.1 and A.2, the Markov inequality, Lemmas B.1 and A.1
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yield
(§p — §2) — E(p,g)ﬁg g (gp — gg) — E(p,p)o* o1
Jr
pGP{gg};Spo V(p,p) - pePr,Iglg);Spo V(p,p) 2 (1)
E ’gp — §£’ + E(p,p)
< Op Vo) + Op (1)
pEP,p<p<po PP
i) [K2(i/p) - K2(i/p)
=op| > =1 | T8 Dl +0p (1)
pEP,p<p<po PP
=0 [ X PV +0:(1) = 0e(/?) = 0r(V2 Q).
pEP,p<p<po
Substituting this bound in (B.20) proves the proposition. O

B.4. Proof of Propositions A.4 and A.5. When studying the mean and variance of §p, we make use of
Theorem 2.3.2 in Brillinger (2001) which implies in particular that, for any real zero-mean random variables

21y Ly,

(B22) Var (Z1Z2, Z3Z4) = Var(Zl, Z3) Var(Zg, Z4) + Var(Zl, Z4) Var(Zg, Zg) + Cum (Z17 ZQ, Z3, Z4) .

B.4.1. Proof of Proposition A.4. Set kj = K*(j/p) so that §p = nZ;L;ll kjéjz Equality (B.22) yields

n—j
ER} = - D B (usy gy sy, p)
t1,to=1
1
= ﬁ Z (R3 + R%g—tl + RtQ—t1+th2—t1—j + ’{(O7ja ta —t1,ta — 1 +.7)) ’
t1,ta=1
where
n—j n—j—1
2 _ . 2 . 2
Z th*tl - (n_j)RO +2 (n_] _£)R£7
t1,ta=1 /=1
n—j n—j—1
Z Riy—titjRiyt,—j = (n—j)R;+2 (n—3j—=0Reyj Ry,
t1,ta=1 /=1
n—j n—j—1
Y. kOgGita—tita—ti+4) = Y (n—j—|t)r(0,5,6L+7).

t1,ta=1 l=—n+j+1
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We have

o 55 3(-2)w )
(O sl

Jj—1 Y I+
3 <1_3+)(R§+Re+jRu)+ij > <1‘]+n||)“(0’j’é’“j)'

_ n—
j=1 =1 j=1 l=—n+j+1

2
)

Assumption K implies that k; = K?(j/p) > CI(j < p) and p < n/2 for all p € P for n large enough. It
follows that the first term on the right of (B.23) is larger than Cn Z§:1 RZ. To bound the remaining terms
n (B.23), we note that by Assumptions K, (2.14) and R,

n—1 n—j—1 ny n—1 0o 00 0o
Sk Y (150 R < OISO x LR SOpY R = om YR
j=1 =1 j=1 j=1 j=1 j=1
. 2
n—1 n—j—1 j-‘rﬁ “+o00 400
2
ij > (1—n> RepjRej| < CY Y |RepjRey| <C Z\R || <CRg,
j=1 r=1 j=1¢=1
n—1 n—j—1 ,] + ) [
)LD (1 - n) K056+ < C Y [6(0,t2,t5,1)] < CR3
j=1 b=—n+j+1 ta,l3,t4=—00
uniformly with respect to p € P. Substituting these bounds into (B.23) establishes the proposition. O

B.4.2. Proof of Proposition A.5. Let f be the spectral density of the alternative. Using (2.14), we obtain

(B.24) sup  |f (\)| < C|Ro| and > R} < C|Ryf?

Ae[—m,m] J=1

2
because supye(_n A [f (V)] < (|R0| +23°72, |Rj|> /(27) and 3777, RY < (Z;’il |Rj\) . We recall that

éj = Z?:_f wt+j/n and define
5o 5 J
Rj :ERJ = (1 — n) Rj~

Let kj = K2(j/p) and D; = R; — R;. Tt is ED; = 0 and

n—1 n—1 n—1

gp =n Z k‘jﬁf + 2n Z ijiDj +n Z kJD]Q
j=1 J=1 J=1

The inequality (a + b)? < 2a% + 2b? implies that

(B.25) Var(S)<4Var nZkRR +2Var nZkD2

Jj=1 Jj=1
By identity (B.22),

n—1 n—1 n—ji n—jz

Var nz kiR;R; | = Z kj ki, R\ R;, Z Z Cov (W, Ut 45y, Uty Uty tjp) < VI + K1

Jj=1 J1,d2=1 t1=1 ta=1



53

with
n—1 n—jin—ja
Vio= | > kpkpRiRy Y Y (Rt Re-titioi + Riaoti—gi Rati) |
J1,J2=1 t1=1 to=1
n—ji n—ja
K, = Z kjkin R Ry Y Y kit ty + jistasta + )
J1,J2=1 t1=1 ta=1

The second term on the right of (B.25) is, up to a multiplicative constant, equal to

n—1
Var [ k;D? | =n? Z kj, kj, Cov (D3 ,D3)).
Jj=1 J1,J2=1

Applying (B.22) twice we obtain
Cov (Dfl,D2 )
n—ji  n—jz 4

2
Z > Cov | [] (uryue, 40 — Bluegue,5,1) 5 [ (weyie, 40 — Blue,ue,15,])
q=1

t17t2—1 t3,t4—1 q:3

n—ji  n—ja
= H E E [COV (ut1ut1 +j15 Wt ut3+j2) Cov (th Utg4j15 Uty ut4+j2)
t1,ta=113,t4=1
+ Cov (utlut1+j1 y Uty ut4+j2) Cov (ut2 Uty+jq1 5 Uts ut3+j2)]
1 n—ji  n—ja

+ﬁ § E Cum (ut1 Wty 41> g Wtgtj1 > Wtz Wtgtjp, Uty ut4+j2)
t1,t2=113,t4=1

9 n—ji n—jz 2
ot Yo D BetiRetitjoii + Regmti—ji Ria—ty s + K1 1+ 1 ta, b2 + )
t1=1 to=1
n—ji  n—jz
1
+ﬁ E E Cum (utlut1+j1 y Uty Uty 415 Ut Utz +j05 ut4ut4+j2) :
t1,ta=113,t4=1
Since (a + b+ ¢)? < 3(a? + b2 + ¢?), we can write
n—1
Var | n g ijJQ» <6Va+ Ky + 6K}
j=1
with
n—ji n—ja 2 n—ji n—ja 2
§ E § Rt2—t1Rt2 —ti1+j2—J1 + E § Rt2 —tl—let2—t1+j2 )
Jl,Jz— t1=1 to=1 t1=1 to=1
1 " n—ji  n—ja
Ky = ﬁ E : kjl ka E E Cum (utlutlJrjlaut2ut2+j1aut3ut3+j2a ut4ut4+j2) ;
Ji1,j2=1 t1,ta=1t3,ts4=1
n—1 n— J1 n— _72 2

K, = Z ki kj, Z Z (t1,t1 + g1, tata +72) |

]1,J2—1 =1 to=
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Substituting in (B.25) shows that the proposition holds if the following inequalities hold:

oo o0 2
Vi < OnR3Y R, Vo < CpRY, K < CnRZY R, K, < CRA, K, < CRA.
n

=1 j=1

We establish these inequalities in five steps.

Step 1: bound for V1. We note that |R;| < |R;| and that under Assumption K, 0 < k; < C for all j.
Using a covariance spectral representation R; = [”_exp(£ijA)f(A)d), the Cauchy-Schwarz inequality and
(B.24), we obtain

n—1 n—ji n—ja
E : kjl ka le Rj2 E : E th—h th—h +Jj2—7j1
J1,J2=1 t1=1 ta=1

2

™ r |n—1 n—j
/ / ijﬁjze“hei“ﬂ)h FO)f(N2)dArdAs

t=1

n—ji n—jz
< ( sup ) / / Z thhk]zR]z Z Z em‘l)\l 1t1+]1)>\2 —zfg)\l —1 t2+j2)kgd)\1d/\2
AE[_ﬂ’ﬂ-] - Ji,j2=1 t1=1 ta=1
<

n—1
R2Y (n— IR, < OnR? Z R?
j=1 j=1

n—ji n—jz

Z k]lk]2RJ1RJ2 Z Z th t1— 71Rt2 —t1+j2

Ji1,j2=1 t1=1 ta=1
T n—1 n—ji n—1 n—jz ) )
— | ] TR X e et Y R, 3 o f () Q)i
- ji=1 t1=1 Jj2=1 to=1
< / / Z Z etz f(A) f(Ag)dMdAy < CnRE> RS

t=1 j=1

This establishes the bound for V.
Step 2: bound for V. We define to = t1 + th, jo = j1 + j4. By Assumption K and by (2.14),

2

n—1 n—ji n—jz
Z kjlij (Z Z Rt2t1Rt2t1j1+j2>

J1,j2=1 t1=1 to=1
C — o0 +oo 2
< 72 ) 3 ( 5 |Rt2,Rt2,ﬂ»2,|>
1=1 Jal=—00 ta/=—o00
oo oo 4
< Cpx > IRy Ry Riy Ryl <Cp< > |Rt|> < CpRy,
J2,t1,t2=—00 t=—00
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n—ji n—jz
"2 Z khkh (Z Z Ry, J1Rt2 t1+32>

_717]2 1 t1=1 ta=1
C n—1 o) +oo 2
< ﬁZKz(jl/p) Z <n Z |Rt2/j1Rt2/+j1+j2/|>
ji=1 Jol=—00 tol=—00
o0 oo
< Cp Z |Riy iy Rey g+ Reo—jy Ry 43 Z | R, Ry Rey Riy 1|
jé,tl,t2:700 j,t17t2=—00
0o 4
< Cp(Z |Rt|> < CpRy,
t=—o00

therefore indeed V5 < C’pRé.

Step 8: bound for Ky. Define to =t +t. Assumptions K and R and the Cauchy-Schwarz inequality
yield

A\

K, < Cn Z (leRj2| Z H(O’j17t’t+j2)>

J1,52=1 t=—o0
1/2

IN
Q
3

P

(oo} (oo} 2
2 > (Z |m(0,j1,t,t+j2)l>

Jj=1 j1,j2=1 \t=—o0

: ( > |/<;(0,t1,t2,t3)|>§CnR(2)ZR?.

t1,t2,t3=—00 j=1

AN
Q

3
]
&,

Step 4: bound for K,. We have under Assumption R that

2

n—jin—jz 2
K; < Z kﬁka(Z D K01yt — bt — b1+ j2) > <C Z <Z |5031’t7t+12)|>
J1,j2=1 t1=1 t2=1 J1,d2=1 \t=—00
+o00 o) o 2
= C Z Z |K(O,j1,t1,t1 —|—j2)l€(0,j1,t2,t2 —|—j2)| <C ( Z H(O,tz,t3,t4)|>
J1,j2=1t1,ta=—00 to,t3,tg=—00
< CRy.

Step 5: bound for K5. Bounding K5 requires additional notation. First set t5 = t1 + j1, tg = to + J1,
t7 = t3 + j2 and tg = t4 + j2, and note that ts,...,tg depend upon t1,...,t4 and j1, jo only. For a partition
B={By,¢{=1,...,dg} of {1,...,8}, define

dp
dp = Card B, KB(tl,...,ts)=HCum(utq,q€Bg),
=1

and recall that Cum(u;) = Eu; = 0. Then the largest dp yielding a non-vanishing kg is dg = 4. When

dp = 4, B is a pairwise partition of {1,...,8} so that xp is a product of covariances. Let B be the set of



56

indecomposable partitions of the two-way table

N R
o J O Ot

see Brillinger (2001, p. 20) for a definition. Then according to Brillinger (2001, Theorem 2.3.2),

Cum (uh Uty g1y Ut Uty s Utz Utz 4ja s Uty ut4+jz) = E KB (tl’ R tS)
BeB
= E KB(t1,...,t8)+ E KB(tl,...,tS).
BeB,dp<3 BeB,dp=4

Some properties of partitions in B are as follows. Call {1,5}, {2,6}, {3,7} and {4, 8} fundamental pairs and
say that a Bj in a partition B breaks the pair {1,5} if {1,5} is not a subset of B;. Then partitions B € B
are such that each B, € B must break a fundamental pair. Note that fundamental pairs play a symmetric
role. Since tq44 —t4 is j1 or jo with vanishing k;, or k;, if j; or jg is larger than p, the indexes t, and ¢444 of
a fundamental pair also play a symmetric role in the computations below. We now discuss the contribution
to K5 of partitions of {1,...,8} according to the possible values 1,...,4 of dg. Due to symmetry, we only
consider representative partitions for each case.
Under Assumptions K and R, the case dg = 1 gives a contribution to K2 bounded by

n—ji  n—j2 C n

Z k]lka Z Z tl,... ) § ﬁ Z |I€(O,t2—t1,...,t8—t1)|
Ji1,j2=1 t1,t2=113,t4=1 t1,...,tg=—n

c > CR}

O |k (0,th, ... th)] < —2.

th,e,tg=—00
The case dp = 2 corresponds to {Card By, Card Ba} being {2,6}, {3,5} or {4,4}. These cases are very
similar and we limit ourselves to {2,6} and By = {1,2}. The corresponding contribution to K> is bounded

by

1 n—1 n—ji n—j2 C n
7 Z khka Z Z KB tl,..., 8) Sﬁ Z |I€(O,ﬁ2—tl)ﬁ(ﬁg—tl,...,tg—t1)|
J1,J2=1 ti,t2=113,l4=1 t1,...,ts=—n
< C g ’ / I < C g = / / / ’
= g Z ‘H(O’tQ)H(t3a"'vt8)‘—g Z |Rt| Z |H(07t4_t3a'~'7t8_t3)|
th,...tf=—n t=—n th,... th=—mn
e 0o
< C Y R DD 160t t6)| < CRE,
t=—o00 ta,...,te=—00

by Assumptions K and R.
The case dg = 3 corresponds to {Card By, Card Bs, Card Bs} being {2,2,4} or {2,3,3}. We start with
Card By = 2, Card B, = 2 and Card B3 = 4. The discussion concerns the number of fundamental pair

broken by Bjs. Note that the situation where Bg breaks only 3 or 1 fundamental pair is impossible. The case
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where B3 does not break any fundamental pairs corresponds to partitions that are not indecomposable, so
that the only possible cases are those where B3 breaks 4 or 2 fundamental pairs.
e B3 breaks 4 fundamental pairs. Consider By = {1,2,3,4}, By = {5,6} and B3 = {7,8}. The
corresponding contribution to K is bounded by

n—ji  n—jz

Z kj1kj2 Z Z KB t]_,..., )

J17J2 1 t1,to=11t3,t4=1
n—1 n—ji  n—jz
= n2 E ki kj, E E k(0,89 —t1,t3 —t1,ta — 1) Ryy—t, Rey—us
J1,J2=1 t1,to=113,t4=1

2 o0 2
p 2 4D
< C R; § 0,t9,t5,t4)] < CRA—
nsgp‘ -7| ‘K’( » 02,03, 4)|_ On,

to s ta=—00
by Assumptions K and R.

e Bj breaks 2 fundamental pairs. Take By = {1,2,3,5}, Bo = {4,6} and B; = {7,8}. The change of
variables tg = th + t1, t3 = t4 + t1 and t4 =t + t3 shows that contribution to K3 is bounded by

n—ji  n—jz

77,2 Z k]lkh Z Z KB t17..., )

J1,j2=1 t1,ta=113,t4=1

n—ji  n—ja

= Z k.]l sz Z Z O tg — 1,13 — thjl) Riy—ty—ji Riy—1s

J1 ,J2=1 t1,ta=1t3,t4=1
C n—1 o' 400
< SXEG/) d Ol D[Ryl xsupR| < CRYZ
J2=1 thth,j1=—00 th=—00

under Assumptions K and R.

We now turn to the case Card B3 = Card B> = 3 and Card B; = 2. Observe that B3 or B, must break 3
or 1 fundamental pair. The discussion now concerns the fundamental pairs which are simultaneously broken
by Bs and Bs. Note that Bs and Bs cannot break the same 3 fundamental pairs because if it did, B; would
be given by the remaining fundamental pair in which case B; cannot communicate with By or Bs, a fact
that would contradict the requirement that the partition {Bj, B2, B3} is indecomposable.

e Bs and Bj break 3 fundamental pairs, 2 of which are the same. Take B3 = {1,2,3}, By = {4,5,6}
and By = {7,8}. Using change of variables ty = t1 + t}, t3 = t1 + t5 and t4 = t3 + ), we can see
that under Assumptions K and R the contribution to K5 of this case is bounded by

n—1 n—ji n—jo

’17,2 Z ]{‘l_hk]z Z Z KB t17~-~7 )

J1,J2=1 t1,to=113,t4=1

n—1 n—ji  n—jaz

Z kiki, > Y K0ty —ta,ts — 1) k(0,0 — ta+ ji,ta — o + j1) Ry,

J1 ,J2=1 t1,t2=113,t4=1

(') +oo

n—1
> K2<j1/p)K2(jz/p)tsu;|n<07t27t3)\ S k0t > |Ry

J1,52=1 2008 th,th=—00 t),=—o00

< CR4p

IN
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Note that the case where B3 and By break 3 fundamental pairs with less than one in common is

impossible.

The next case assumes that By breaks only 1 fundamental pair, which is also necessarily broken by Bs

since By must contain the remaining unbroken pair.

e Bj breaks 3 fundamental pairs and B breaks only 1 pair. Take By = {1,2,3}, By = {4,5,8} and
B; = {6, 7} and consider a change of variables to = t; +th, t3 = t; +t5 and ¢4 = t; + j1 — t},. Under
Assumptions K and R, the contribution of this term to K5 is bounded by

1 "= 1 n—ji  n—ja
n2 Z kjlka Z Z KB tl,..., )
J1,J2=1 t1,to=113,t4=1
1 n—1 n—ji n—jo
= |5 D kikin Yo Do w0t —tuts —t) Kt —ta+ 1,0, j2) Riy—tatgs sy
J1,J2=1 ty1,to=1t3,t4=1
C’sup |R;| < s s ’ »
— ZK% )Y RO D Ik (t,0.5)] < CRYE

th,th=—o0 t),ja=—00

e B3 and B, break only 1 pair. Note that B3 and By cannot break the same pair because B; must
be the remaining pair and cannot communicate, so that the partition is not indecomposable. Hence
all the partitions in this case are similar to By = {1,2,5}, Bs = {3,4,8}, By = {6,7}. The change
of variable to = t1 +1th, t3 = —ja +t2 +j1 + t5 and t4 = t3 —t}; yields a contribution to K3 bounded
by

n—ji  n—ja

n—1
= SETAD DD DICRN

J1,j2=1 t1,ta=113,t4=1

n—ji  n—jz

n—1
ST okiki, > Y K0t —t1,51) K (s — 4,0, 52) Rey—ty4so—iy

J1,J2=1 t1,to=1t3,t4=1
o0 o0 o0
< O 0,850 > |K(t,0,50) > |Re| < CRG.
Jiity=—o00 jasth=—o0 ty=—o00

It remains to deal with the case dg = 4 which corresponds to pairwise partition. Note that indecom-
posable partitions are such that all fundamental pairs are broken, but that two sets cannot break the same
fundamental pairs, see Brillinger (2001, p. 20). Hence such partitions are symmetric with By = {1,2},
By = {3,4}, B3 = {5,8} and By = {6, 7}. Using the change of variables j; = t4 + jo — t; — ji, t2 = t1 + t5,



ts = to + j1 — j2 + t5 and ¢4 = t3 + ¢ gives, under Assumption K, a contribution to K2 bounded by

n—ji  n—jo

n—1
=ID OIS DI DIFICINNS

J1,02=1 t1,to=1t3,tsa=1
1 n—1 n—ji  n—jz
= ﬁ E kjlka § E th—tlRt4—t3Rt4—t1+j2—j1Rts—t2+j2—j1
J1,J2=1 t1,t2=113,ta=1
C n—1 oo oo P
< = K?(j/p) IR/ | Ry Ry Ry | < ORG—.
n J1 27 i3y OTL
j=1 fl=—oo ]t} th=— o0

Collecting terms shows that the bounds for K5 is proved since p > 1.
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